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Abstract 

We describe a topological prcdual 'B to the Frechet space of difFcrcntial forms B defined in an open subset 
U C R". This proper subspacc of currents B' has useful properties: Subspaces of finitely supported Dirac 
chains and polyhedral chains are dense, offering a unification of discrete and continuum viewpoints. Operators 
can be defined constructively and geometrically on Dirac chains of arbitrary dimension and dipole order. The 
operators are continuous, and are thus defined on limits of Dirac chains, including polyhedral chains, submanifolds, 
stratified sets, and fractals. The operator algebra contains operators predual to exterior derivative, Hodge star. 
Lie derivative, wedge and interior product on differential forms, yielding simplifications and extensions of the 
classical integral theorems of calculus including theorems of Stokes, Gauss-Green, and Kelvin-Stokes to arbitrary 
dimension and codimension. The limit chains, called "differential chains" may be highly irregular, and the 
differential forms may be discontinuous across the boundary of U. We announce new fundamental theorems for 
nonsmooth domains and their boundaries evolving in a flow. We close with broad generalizations of the Leibniz 
integral rule and Reynolds' transport theorem. 

1 Introduction 

Infinite dimensional linear spaces can offer insights and simplifications of analytical problems, since continuous 
linear operators acting on the space can appear as nonlinear operations on an associated object, such as a finite 
dimensional manifold. A simple example is pushforward of the time-t map of the flow of a Lipschitz vector field as 
seen, for example, in the linear space of Whitney's sharp chains, or in the space of de Rham currents if the vector 
field is smooth with compact support. There are numerous ways for creating such spaces, and each has different 
properties. Although Whitney's Banach spaces of sharp and fiat chains each have useful operators, no single Banach 
space carries an operator algebra sufficient for the most interesting applications. Federer and Fleming's normal and 
integral currents afford a stronger calculus in many ways, but their use of the flat norm carries the typical flat 
problems such as lack of continuity of the Hodge star operator. The hallmark application of their seminal paper is 
the celebrated Plateau's Problem of the calculus of variations, but their solutions do not permit Mobius strips or any 
surfaces with triple junctions. The author has treated Plateau's Problem (in its more general setting of soap fllms 
arising in nature, permitting non-orientability and branchings) as a "test problem" for the depth and flexibility of 

*The author was partially supported by the Miller Institute for Basic Research in Science and the Foundational Questions in Physics 
Institute. 
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any new calculus of variations. Long was the search for a linear space which possessed the right balance of size (the 
smaller the better so as to avoid pathologies,) and operator algebra richness (containing the operators relevant to 
calculus such as boundary). This paper covers some of the main properties of the space which ultimately succeeded, 
and the aforementioned application is contained in a sequel |Har04bj . In this paper, we set up the theory for chains 



defined in an open set and extend Stokes' Theorem 6.7.2 to this setting. We prove higher order divergence theorems 



for net flux of /c- vector fields across nonsmooth boundaries in Corollary |3.6.9 We state and prove a new fundamental 



theorem of calculus for evolving chains and their boundaries Theorem 10.2. 1[ Finally, we present a generalization 



of the classical "differentiation of the integral" for nonsmooth evolving differential chains and forms Theorem |10. 3. 3| 
from which follows a broad generalization of the powerful Reynolds' transport theorem |10. 3. 6| 

1.1 Dirac chains and the Mackey topology 

Mackey set the stage for the study of topological predual spaces with his seminal papers |Mac43[ IMac44j when he and 
Whitney were both faculty at Harvard. Most relevant to us is the following result: Let {X,Y, (•,•)) be a dual paii[^ 
separated in Y. According to the Mackey- Arens Theorem [Are47| . there exists a finest locally convex topology r on 
X, called the Mackey topology, such that the continuous dual X' is the image of Y under the injection iy -Y ^ X*. 
The weak topology on X is the coarsest such topology. In particular, the Mackey topology does not make linear 
functions continuous which were discontinuous in the weak topology. 

The Mackey topology is canonical and rather beautiful in its abstract conception, but it is often useful to find 
explicit formulations of it. For example, the space of polyhedral /c-chains can be paired with any space of continuous 
differential fc-forms via integration, yielding a dual pair separated in its second component. The simplest example 
is given by the Banach space of continuous and bounded differential fc- forms on R". The Mackey topology on 
polyhedral fc-chains turns out to be the classical mass norm. When paired with Lipschitz forms, the Mackey topology 
on polyhedral chains is Whitney's sharp norm, originally called the "tight norm" topology in his 1950 ICM lecture 
[WhiSOj . However, the boundary operator is not continuous in the sharp norm topology, which is something Whitney 
needed for his study of sphere bundles]^ He then defined the flat norm which does have a continuous boundary 
operator, and his student Wolfe |Wol48| identified the topological dual to flat chains. The flat topology is limited 
because the Hodge star operator is not closed. 

Given these problems with the above established spaces, it became clear to the author that a new space was needed. 
Our main requirements for such a space are as follows: It should have the Mackey topology given a space of differential 
fc-forms, and operators predual to classical operators on forms such as exterior derivative. Lie derivative, Hodge star, 
puUback, and interior product should be well-deflned and continuous. Furthermore, the space should be as small as 
possible, and possess good topological properties. In particular it should be Hausdorff, separable, and sequentially 
complete, if not complete. The main goal of this paper is to deflne such a space, exhibit some of its properties, and 
provide a few applications. 

Let U be an open subset of R". (An extension of the theory to open subsets of a Riemannian manifold M is in 
progress. See Sll for the main ideas.) For < fc < n, define a "Dirac k-chain'|^in [/ to be a finitely supported 



-"^A dual pair {X, Y, {■, ■)) is a pair of vector spaces over R together virith a bilinear form {■ , ■) : X X Y ^ R. Tlie dual pair is separated 
in Y (resp. X ) if the map iy '■ Y X* induced by (■, ■) (resp. ix '■ X Y") is injective. 

"^According to his own account in IWhiSSI . Whitney wanted to solve a foundational question about sphere bundles and this is why he 
developed Geometric Integration Theory. Steenrod ISteSlI solved the problem first, though, and Whitney stopped working on GIT (see 
IWhiSSn . However, Whitney's student Eells was interested in other applications of GIT in analysis, and for a time he thought he had a 
workaround (see IWhi57l and lEelSSI ). but the lack of a continuous boundary operator halted progress. 

■^Previously called a "pointed fc-chain". We prefer not to use the term "Dirac current" since it has various definitions in the literature, 
and the whole point of this work is to define calculus starting with chains, setting aside the larger space of currents. 
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section of the fc-th exterior power of the tangent bundle of U . 

We can write a Dirac fc-chain as a formal sum A = X)i=i(Pi; Q^i) where Pi & U and € Ak{Tp.{U)). We call (p; a) a 
simple k-element if a is a simple fc-vector, otherwise {p; a) is a k-element. The support of a Dirac chain '^i) 
is defined as sMpp(X]i=i (Pi! o;*)) •= ^i=iPi- We say that a Dirac chain A is supported in X C R" if supp{A) C X. 
Let be the vector space of Dirac fc-chains supported in U and Bk{U) the Frechet space of differential k- 

forms defined on J7 C R" each with uniform bounds on each of its directional derivatives. Then {Ak{U), Bk{U)) 
is a dual pair. In this paper, we define a family of norms || • on Ak{U) so that the resulting Banach spaces 
Bl{U) :— {Ak{U), II • \\b^) form an inverse system. The inductive limit Bk{U) := InnBKU) is endowed with the 
inductive limit topology, which turns out to be the Mackey topology Tk{Ak{U),Bk{U)) on Ak{U) (see |HP11| ). 
We prove that Bk{U) a well-defined Hausdorff locally convex topological vector space, indeed a (Di^)-space (see 
[HPllj ). Note that {Bk{U))' = Bk{U), by definition of the Mackey topology. We call elements of elements of Bk{U) 
"differential fc-chains of class B in U." 



Remarks 1.1.1. 



The support of a nonzero differential chain J G Bk{U) is a nonempty closed subset supp{ J) ofU (see Theorems 



5.0.7 and 6.4.5). 



^fc(R") is a proper subspace of B^iR"") (see \HPllf j. 

Bou ndary d and d are continuous on Bk{U) and Bk(U), respectively, and are in dua lity (see Theorems 
and 



3.5.1 



6.7.2), so the topological isomorphism Bk{U) = {Bk(U)Y (see Theorem 6.2.5) passes to the de Rham 



isomorphism of cohomology. 

The strong dual topology j3{Bk{U),Bk{U)) on Bk(U) coincides with its Frechet space topology according to 
\HPllf (see Theorem 2.11.1^ for a recap.). 



dl6.1 



we shall provide an explicit construction of the topology on Bk{U) (see pp. 14 and 39) 



• In a sequel iHarl2a^ . we show that there exists a continuous coproduct predual to wedge product, as well as a 
continuous convolution product in B{M) for Lie groups M . 



1.2 Integration 



We denote the bilinear form Bk{U) x Bk{U) — > IR as the integral JjUt := w(J). We say that a differential fc-chain J 
represents a classical domain D of integration if the integrals agree: jjUj ~ w for all ui € Bk(U), where the integral 
on the right hand side is the Riemann integral. Examples of domains that permit differential chain representatives 



include open sets (Theorem 2.9.4), polyhedral fc-chains, and submanifolds (Proposition 2.10.2), vector fields and 
foliations (Theorem 8.5.31, and fractals |Har991 lHar98| . Roughly speaking, polyhedral k-chains are finite sums of 



weighted oriented simplices with algebraic cancellation and addition of the weights wherever the simplices overlap (see 
S 2.10.3 for a definition). "Curvy" versions of polyhedral fc-chains, called "algebraic fc-chains" include representatives 
of all compact fc-dimensional Lipschitz immersed submanifolds, and Whitney stratified sets (see ^7.1). We can also 



represent branched fc-dimensional generalized surfaces such as soap films, bubbles, crystals, lightning (see ^8.4.1 and 
[Har04b| ) . given a suitable notion of classical integration over such objects. 
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1.3 Operator algebras 



If X and Y are locally convex, let C{X,Y) be the space of continuous linear maps from X to Y, and C{X) the 
space of continuous operators on X. Three "primitive operators" in C{B{U)) are introduced in ^jsjand fjs] Each is 
determined by a suitabl^ vector field V . On simple fc-elements, these operators are defined as follows: extrusion 
Ey{p; a) := {p; V{p) A a), retraction Ey{p; vi A ■ ■ ■ Avk) '■— '^i^ii—^Y^'^ {V (p) , Vi)vi A ■ • • Vi ■ ■ ■ Avk and prederivative 
(first defined in |Har04a) for constant vector fields) Pv{J) — limt-s-o 0t*('^/^) ~ J/i^ where is the time t flow of 
y, and 0* is the appropriate pushforward. We call Pv{p]a) a k-element of order one. Whereas (p; a) is a higher 
dimensional version of a Dirac delta distribution, Pv{p', a) corresponds to the (negative of th^ weak derivative of a 
Dirac delta. We call such elements k-elements of order 1 at p. We may recursively define k-elements of order s at 
p by applying Py to fc-elements of order s — 1 (see j]3.4[). 



Each of these primitive operators on differential chains dualizes to a classical operator on forms. In particular, 
iycj — ujEy, Aoj = ioEy, and Lyut = ujPy where iy is interior product, and Ly is the Lie derivative. 

The resulting integral equations 



EvJ 



El. J 



lyUJ 



= / V Alj 



UJ — j LyUJ 
PvJ J -J 



[Change of dimension I] 
[Change of dimension II] 



[Change of order I] 



(1.1) 
(1.2) 



(1.3) 



are explored for constant vector fields V in R" in f|3] and for smooth vector fields in f|8j 

Note that it is far from obvious that the primitive operators are continuous and closed in the spaces of differential 
chains B{U), but once this is established, integral relations are simple consequences of topological duality (Theorems 
2] and 8.4. 1[ ) . The veracity of such equalities depends on subtle relationships between the differentiability class of 



the vector field V, the differential form w, and the chain J, as well as their dimension. 

The primitive operators generate other operators on chains via composition. Boundary can be written d = X^ILi P&i^l 
where {ej} is an orthonormal basis of R". One of the most surprising aspects of a nonzero fc-dimensional Dirac chain 
is that its boundary is well-defined and nonzero if k > 1. In particular, a vector v G R" has a well-defined infinitesimal 
boundary in Bo{U). The resulting Stokes' Theorem 3.5.4 



(jj — j d(jj 
dJ J J 



for J £ Bk{U) and uj G Bk-i{U) therefore yields an infinitesimal version on Dirac chains. "Per pendic ular comple- 
ment" _L= n"^^(i?ei + E\I) dualizes to Hodge-star on B, and so we can write down (see Theorem 
first appeared in |Har06| ) an analogue to Stokes' theorem for Hodge-star: 



3.6.3 



below, which 



^Sufficiently smooth, with bounded derivatives 

^Weak derivative is the "wrong way around" because its definition is motivated by integration by parts, which treats distributions as 
"generaUzed functions," whereas here we treat them as "generalized domains." 
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In §6.5| and §6.6t we find two more fundamental operators, namely, pushforward F^, and multiplication by a function 
ruf, where :[/—>■ J7' is a smooth map and /:[/—> IR is a smooth function with bounded derivatives. These dualize 



to pullback and multiplication by a function, respectively, giving us change of variables (Corollary 6.5.8) and change 



of density (Theorem 4.1.61. Notably, bump functions are permitted functions for the operator ruf, as is the unit 



/ = 1, giving us partitions of unity. Given "uniform enough" bump functions, the partition of unity sum 1 = /» 



carries over to differential chains in Theorem 4.2.2 J = '^{mf^J) 



Vector fields can be represented as differential chains (Theorem 8.5.3[ ), using an inner product or a transverse measure. 



and we may freely apply pushforward to their representatives, even when the map is not a diffeomorphism. The end 
result will still be a differential chain, although it may no longer represent a vector field. 



In \ 10 we prove two new fundamental theorems for differential chains in a flow. Given a differential fc-chain J and 
the flow (f)t of a smooth vector field V, we define a differential fc-chain {JtYa satisfying d{JtYa = {dJtYa (See Figure 



14 ) Denoting Jt := 4>t^J^ we have the following relations: 

/ ^ — j UJ = j Lyuj (Fundamental theorem for differential chains in a flow) 



and its corollary 



/ dLyuj = f ^ ^ f ^ (Stokes' theorem for differential chains in a flow,) 



given a form uj of corresponding dimension. This is followed by Theorem |10.3.4| Differentiating the Integral in the 
category of differential chains of class B. An immediate corollary of|10.3.4 and Cartan's magic formula for differential 



chains 3.5.3 is a broad generalization of Reynold's transport theorem 10.3.6 

Acknowledgements: I am grateful to Morris Hirsch for his support of this work since its inception, and his many 
helpful remarks and historical insights as the theory evolved. I thank Harrison Pugh for his insights, and for his help 
with proofreading and editing this manuscript. Our joint paper |HP11| is necessary for results of this paper to be 
valid in the inductive limit and gives the entire theory a more solid mathematical footing. I also thank James Yorke 
and Steven Krantz who have contributed to important and useful discussions throughout the development of this 
work, while Robert Kotiuga, Alain Bossavit, Patrick Barrow, and Alan Weinstein are thanked for their early interest 
and helpful questions and comments. Finally, I am indebted to the anonymous reviewer for contributing significant 
time and energy to critique the work. 

2 Differential chains of class B in 

We begin our work with differential chains of class B in R" until S|6] where we begin to consider chains defined in an 
open set [/ C R". In fill we sketch the basic steps for extending the theory to Riemannian manifolds. 



Recall the definition of the space ^fc(IR") of Dirac fc-chains in IR" given in We assume < A; < n, unless 



otherwise specified. What follows is our promised explicit definition of the Mackey topology Tk on y^fc(IR"). 
2.1 Mass norm 

Definition 2.1.1. Choose an inner product (•, •) on R". The inner product extends to Afc(riR") as follows: Let 
{ui A • • • A Uk, vi A ■ ■ ■ A Vk) '■— det{{ui, Vj)). (We sometimes use the notation (a, = (a, f3) .) 
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Definition 2.1.2. The mass of a simple k-vector a = vi A ■ ■ ■ A Vk is given by \\a\\ := \J (a, a) . The mass of a 
k-vector a is 

{N ^1 
||(ai)|| : C(i are simple, a ^y^gA . 
i=i j=i J 

Define the mass of a k-element {p;a) by \\(p;a)\\BO HaH^o. The mass of a Dirac k-chain A = '^^lipf, cui) is 
defined by 

m 

WMbo :=^||(K;a,)||BO. 

i=l 

Another choice of inner product leads to an equivalent mass norm for each k. 

2.2 Difference chains 

Definition 2.2.1. Given a k-element {p;a) E Afe(IR") and u G R", let Tu{p;a) := {p + u\a) denote translation 
through u, and Au{p;a) := {Tu — I){p;a). Let be the j-th symmetric power o/R". Denote the symmetric 
product in S by o. Let a — ^ ui o ■ ■ ■ o Uj E with ut G IR",i ~ 1, . . . ,j. Recursively define A^o^j {p; a) := 
{Tu — Ld)iA„j{p;a)). The order of the vectors Ui is immaterial since A^ov — A.^ou- Let \\a^\\ := ||ui|| • • • and 
\A„j{p;a)\gj := ||(t-' || ||a|| . Define A^o{p;a) := {p;a), to keep the notation consistent. Finally, when there is no 
ambiguity, we sometimes use the abbreviated notation A^j = Ag.j{p;a). We call A„j{p;a) a j-difference /c-chain. 

The geometric interpretation of A^j (p; a) is as follows: A^j {p; a) is the Dirac chain supported on the vertices of a 
j-dimensional parallelepiped (possibly degenerate, if the Ui are linearly dependent), with a copy of a at each vertex. 
The sign of a alternates, but note that A^]{p; a) ^ 0, as long as a 7^ and a ^ 0. 

2.3 Norms on Dirac chains 

Definition 2.3.1. For A e ylfc(IR") and r > 0, define the norm 

{m m ^ 

1=1 i=l ' ) 

where each e 5'J(*)(R"), Pi G R", ai € Afc(R"), and m is arbitrary. That is, we are taking the infimum over all 
ways to write A as a sum of difference chains, of "order" up to r. 

Remarks 2.3.2. 

• Although it is clear that \\ ■ \\b^ is a semi-norm, it is not obvious that it is a norm on ^^.(R"); this is proved in 
Theorem \2. 6.1\ 

• It is immediate that the norms are decreasing as r increases, and \\A\\Br < 00 for all A G ^^(R") since 
\\A\\b- < \\A\\bo <<x. 
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• It is not important to know the actual value of \\A\\b'' for a given chain A. Well-behaved upper bounds suffice 
in our proofs and examples, and these are not usually hard to find. The norms depend only superficially on the 
choice of inner product since different choices lead to comparable norms, and thus to topologically isomorphic 
spaces. 

• Many of the results in this paper hold for r — 1 where the forms are Lipschitz and the chains are of class . 
Some readers might be most interested inQ < r < 1 since it takes so little to define the norms, and both smooth 
and nonsmooth chains can be found, while others might find the inductive limit more useful since its operator 
algebra is so rich. 

2.4 Differential forms of class 

An element lo E (ylfe(lR"))* acts on Dirac chains, and thus can be treated as an exterior fc-forni. In this section we 
assume that uj is bounded and measurable. 

Definition 2.4.1. The support of a differential form lu is given by 



supp(u)) := {p G R" : a) ^ for some a £ A^}. 

Definition 2.4.2. Define 

\uj\Bj := sup{|w(Acrj(p;a))l : Ikll ll"ll = 1} and \\uj\\b'- = nia^{\uj\BO , ■ ■ ■ A'^Ib^}- 

We say that uj e {Aki^""))* is a differential form of class if ||w||_b'- < oo. Denote the space of differential fc-forms 
of class B^ by B^R^). Then || • H^r is a norm on S^(IR"). (It is straightforward to see that satisfies the triangle 

inequality and homogeneity for each > 0. If a; 7^ 0, there exists {p;a) such that uj{p;a) ^ 0. Therefore \uj\b'> > 0, 



and hence Hulls'- > 0.) In S2.8 we show that S^(1R") is topologically isomorphic to (.4fc([R"), || • Hb"-)'- 



Lemma 2.4.3. Le^AG A(IR") and uj e (A(IR"))* a differential k- form. Then\uj{A)\ < \\uj\\b'-\\A\\b'- for all r > 0. 

Proof. Let A G ylfc(lR") and e > 0. By the definition of there exist aj^^'' with j{i) G {0, . . . , r} and fc-elements 

{pi;ai), i — 1, . . . ,m, such that A — ^g.3(i'){Pi',<^i) and ||A||Br > X]I=i ~ ^- The result follows since 

m m 



□ 



2.5 Differential forms of class and i+Lip 
Definition 2.5.1. If lu is r -times differentiable, let 

'"'^^ ""^n Ikllllc^ll 1'°-^-^' 
and llt^llc^ niaxjlwlc'o, jtt'lc'i, . . . , |aj|c"-}, where L^j denotes the j-th directional derivative in the directions 

Ml, ... , Uj. 
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Lemma 2.5.2. If uj is an exterior form with < oo, then |a;(Acr>-(p; q;))| < ||(t|| ||a|| jwlc- for all r- difference 

k-chains Ao.r(p;a) where a is simple and r >1. 

Proof. By the Mean Value Theorem, there exists q = p + su such that 

uj{p + tu;a) - uj{p;a) 

It foUows that |w(A„(p;a))| < ||u|| ||q:|| . 

The proof proceeds by induction. Assume the result holds for r and l^jj^^r+i < oo. Suppose a = {ui, . . . , m^+i}, and 
let a = {ui, . . . , Ur}- Since jwlc^r+i < oo, we may apply the mean value theorem again to see that 

|^(A..+i(p;a))| - \{Tl^^u;-Lo){A,.{p-l)) 

< \\ui\\ ■ ■ ■ \\Ur\\\T*^^^UJ - U}\cr- 

< ||cr|||tj|c-+i. 

□ 



Definition 2.5.3. Let 



\uj{p + u;a) -uj{p;a)\ 
\uj\lip := sup <^ T—r : ||a|| = 1 



If UJ is {r — l)-times differentiable, let 

\uj\c^-i+L,p := sup {\Lu^_^ o ■ ■ ■ o LuMlip}, 

and \\uj\\cr-i+L,p max{|w|co, . . . , |cl;|c"-i, |w|cr-i+i»p}. 

Proposition 2.5.4. If u ^ y8JJ(IR" ) is a differential k-form and r >\, then uj is r-times differentiable and its r-th 
order directional derivatives are Lipschitz continuous with \\uj\\Br = \\uj\\(jr-i+Lip . 

This is a straightforward result in analysis. Details may be found in |Pug09| or earlier versions of this paper posted 
on the arxiv. 

2.6 The B^' norm is indeed a norm on Dirac chains 
Theorem 2.6.1. || • jj^r is a norm on Dirac chains Aki^") for each r > 0. 

Proof Suppose A where A e y4,fe(IR"). It suffices to find nonzero w £ (^fc(IR"))* with uj{A) ^ and \\u}\\b'- < oo. 
By Lemma 2.4.3| we will then have 



0<\oj{A)\<Mb4A\\b- =^ \\A\\Br>Q. 

Now supp{A) — {po, ■ ■ ■ tPn}- First assume that A{pq) — ej for some multi index /. Choose a smooth function / 
with compact support that is nonzero at po and vanishes at pi, 1 < i < A^. Let 



f{p), J = I 
0, J^I 
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and extend to Dirac chains Ak{^") by linearity. 

Then uji{A) — uJi{po;ei) = 1 7^ 0. Since / has compact support, H/llc < 00. We use this to deduce < 00. 

This reduces to showing [w/Ibj < 00 for each < j < r. This, in turn, reduces to showing \u!i{A^j{p;ej))\ < 



a\\\\f\y. By Lemma 2.5.2 |^KA.. (P; e/))| = |/(A,, (p; 1))| < ||a|||/|c. < |k|| < ^. 



In general, A{po) — '^aiej where a/ € R. Then uj — J2i sign{aj)ujj satisfies Hi^Hs'- < 00 and uj{A) = J2i ai sign(ai)ui i{A) 

Definition 2.6.2. Let S^(IR") he the Banach space obtained upon completion of Ak{^^) with the norm for r > 
and Q < k < n. Elements o/SJJ(IR") are called differential fc-chains of class B^ . 



The next result follows from Lemma [2.4.31 

Theorem 2.6.3. The bilinear pairing S[.(IR") x S^(IR") 



is separately continuous and satisfies < 



|'^||s'HI>^||b'- for all UJ ^ B 



and J e BUR''). 



2.7 Characterizations of the B''' norms 

Lemma 2.7.1. || A^,A||b,-+i < || A||i3,- for all A e A(IR"); v E R", and r > 0. 



Proof. Since Dirac chains AkiR") are dense in B]^{R"'), it suf fices to prove this for A e ^^([R"). Let e > 0. We can 
write A — X^i^li ^^^.3(0 {pf, cti) as in the proof of Lemma 



2.4.3 



such that 



\A\\B^>Y,\\a: 



Then 



i=l 



< 



i^iiEii'^; 



<\\v\\i\\A\\nr+e). 



□ 



Lemma 2.7.2. The norm is the largest seminorm |-|' on Dirac chains AkiR"") such that \ A^j {p; a)\' < ||(t||||q;|| 

for all j-difference k-chains A^j [p; a), < j < r. 

Proof. First observe that the B'" norm itself satisfies this inequality by its definition. On the other hand, suppose 



2.4.3 



I I' is a seminorm satisfying \A^]{p;a)\' < ||cr||||a 
A — X^i" 1 A^j(i) (pi; Q!i) as in the proof of Lemma 

triangle inequality, \A\' < X)™! \^^j(^){p^;ai)\' < X)™! 
e > 0, the result follows. 



Let A G AkiR") be a Dirac chain and e > 0. We can write 
with WAWb" > J2Zi - e. Therefore, by the 

'''i II llo^ill < ll^ll-B'' + ^- Since this estimate holds for all 

□ 
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Theorem 2.7.3. The 



IB- 



is the largest seminorm \ ■ \' on Dirac chains ^^(IR") such that 



• \A\'<\\A\\bo 

. \A^A\' <\\u\\\\A\\Br-i. 

for all r > 1 and A Cz A. 

Proof. II • 1 1 Br satisfies the first part since the norms are decreasing on chains. It satisfies the second inequahty 
by Lemma 2.7.1 On the other hand, suppose | • |' is a seminorm satisfying the two conditions. For j = 0, we use 
the first inequality |(p;q;)|' < ||(p;q;)||50 = ||a||. Fix < j < r. Using induction and recalling the notation a from 
Lemma [2. 5. 2[ it follows that 

|A,,(p;a)|' = |A^,-i,„^(p;a)|' < ||ui|| || A^,-i (p; a)||B,-i < ||CT||||a||. 



Therefore, the conditions of Lemma 2.7.2 are met and we deduce \ A\' < \\A\\b'' for all Dirac chains A. 
Let A = ®ILoA(R"). Recah A„A = T„A - A where T„(p; a) = (p + u; a). 



□ 



Corollary 2.7.4. If T : A ^ A is an operator satisfying ||T(Ag.j (p; a))||_B'- < C||cr||||a|| for some constant C > 
and all j-difference k-chains A^-j (p; a) with < j < s and < k < n, then \\T(A)\\b'- < C||A||bs for all A G y^fc(IR"). 



2.7.3 



□ 



Proof Let \A\' ^ ^||T(A)||b'-. Then |^|' is a seminorm, and the result follows by Theorem 
2.8 Isomorphism of differential forms and differential cochains 

In this section we show that the Banach space S^(IR") of differential forms is topologically isomorphic to the Banach 
space (SJI)' of differential cochains. 

Theorem 2.8.1. Let r > 0. If uj e SjJ(IR") is a differential k-form, then \\(^\\b- = ^'^^Po^AeAk JAT^- 



Proof. We know |w(yl)| < ||a;||Br || AH^r by Lemma 2.4.3 On the other hand 



sup 



|w(A,.(p;a))| 



< sup 



..(A..(p;a))| <^^^p |w(A)| 



05^A„,,p.^) |A^4p;a)|B, o#A^,,p.„J|A^,(p;a)||i3-- o^a\\A\\b 



It follows that ||a;||Br < supg_^^ irair^ 



□ 



Theorem 2.8.2. The linear map ■ (^^(IR"))' -> ^fe(IR") determined by 'i'r{X)(p;a) := X{p;a) is a topological 
isomorphism for each r > 0. Furthermore, 



\x\ 



Br-. 
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Proof. Let X e be a cochain. We show \\^r{X)\\B'- < \\X\\b'-- Now 

|vI/,(X)(A,,(p;a))| _ \X{A,,{p;a))\ ^ \X{A,,{p;a))\ ^ ^^^^^^^ 



|A^j(p;a)|i3j \A^.,{p:a)\BJ || A^i (p; a)||i3.- 

Therefore, < \\X\\b^, and thus < II^IIb- 

It follows that 'I'r : (;B^(IR"))' — >■ ;B^(1R") is a continuous linear map. We show '^r is a continuous isomorphism. Let 
w e Let : i3^(R") ^ be given by QrU^iA) a;(yl). Then G^w is a linear functional on 

By Theorem [2XT] 

|9,.c.(A)| \lo{A)\ 

lie^wlls-- = sup — = sup --- — = llt^llB- 

A^a ll^lls"^ A^o nulls'- 

Therefore, Qri^ € (S^([R"'))'. We conclude that is a topological isomorphism with inverse Qr- □ 
Theorem 2.8.3. If J e is a differential chain and r > 0, then \\J\\b^ — ^^Po^ojeB]^ IkJlT^' 

2.8.1 Integration 

We may use any dense subspace to approximate the integral such as Dirac chains, simplicial complexes, and poly- 
hedral chains. Smooth submanifolds, and even fractals, can also be used to approximate the integral since their 
representatives generate dense subspaces of B. This unifies a variety of viewpoints in mathematics. 

Although the space K^(IR") of differential forms is dual to S^(IR"), and thus we are perfectly justified in using the 
notation uj{J), this can become confusing since we are no longer evaluating a; at a set of points, as we were with 
elements of Ak{^")- Instead we shall think of w(J) as "integration" over J and denote it as JjUi := uj{J). Indeed, 
the integral notation is justified by the approximation of w( J) by its analogue to Riemann sums. That is, 

Lu = lim uj{Ai), 



where A^ G AkCR") and A^ ^ J in 6^.(IR"). In this new notation. Theorem 2.6.3 for example, becomes 



J 



<\\j\\BrMW- (2.1) 



Of course, £^ w = U!{A) for A e Ak, and we shall use either notation. 

We shall see later in Theorems |2.9.4 2.10.2 8.5.3[ and 7.1.1 that when J represents a classical domain A of integration 



such as an open set, polyhedral chain, vector field or submanifold, respectively, the Riemann integral w and /j w 
agre^ 

The Banach space of differential chains B\{W') is separable since the subspace of Dirac chains is dense and has a 
countable dense subset, but the Banach space of Lipschitz forms S^(IR") is not separable |Whi57| . 

The next result follows from Theorem 12.8.21 

Corollary 2.8.4. j : ,B^(IR") (g) ,B^(IR") — > IR zs a nondegenerate bilinear pairing for r > 0. 



®This is in fact our definition of the word "represent," but we construct these chains first, then show the integrals agree. That is, they 
are not found implicitly. 
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2.9 Representatives of open sets 



We say that an n-chain U represents an open set [/, if /^w — JjjCu for all forms uj £ i3^(IR"), where the integral on 
the right hand side is the Riemann integral.) We show there exists a unique element U in S^(1R") representing U for 
each bounded, open subset U C R". 

Let Q be an n-cube in R" with unit side length. For each j > 1, subdivide Q into 2"-' non-overlapping sub-cubes 
Qj., using a binary subdivision. Let qj. be the midpoint of Qj. and Pj = Y^'^^iilji'y 2~"-'l) where 1 = ei A • • • A e„. 
Then 

Lemma 2.9.1. \\Pj\\b'- = 1 for all r > 0. 



Proof. For each r > 0, \\Pj\\b'' < ECi life".; 2""^ 1)11 < 2"J'2-"J = 1. By Theorem 2.8.3 WPjWb- > jp dV = 1 
since WdVWBr ==1. ' □ 

Proposition 2.9.2. The sequence {Pj} is Cauchy in the norm. 

Proof. Rather than write out some inequalities with messy subscripts, we shall describe what is going on and why 
the result is true. We would like to estimate \\Pj — Both Dirac n-chains Pj and Pj+i have mass one. They 

are supported in sets of points placed at midpoints of the binary grids with side length and 2"*^^+^^ respectively. 
Each of the n-elements of Pj has mass 2""-' and those of Pj+i have mass 2^"(-'+^^ The key idea is to think of each 
simple n-element of Pj as 2" duplicate copies of simple n-elements of mass 2^"'^^+^^ supported at the same point. 
This gives us a 1 — 1 correspondence between the simple n-elements of Pj and those of Pj+i. We can choose a bijection 
so that the distance between points paired is less than 2^^+^. Use the t riangl e inequality with respect to Pj — Pj+i 
written as a sum of differences of these paired n-elements and Lemma 



2.7.1 



to obtain \\Pj - Pj+i||bi < 2-^+^. It 



follows that {Pj} is Cauchy in the norm since the series ^2 converges. □ 
Denote the limit Q \m\j^aoPj in the B^ norm. Then Q £ S^(IR") is a well-defined differential n-chain. By 



continuity of the differential chain integral (2.1) and the definition of the Riemann integral as a limit of Riemann 
sums, we have 

oj — lim / LJ = uj. 

That is, Q represents Q. If = U^Qi is a finite union of non-overlapping cubes, then W := '^Qi represents U. 
Definition 2.9.3. The frontier of an open set U is defined by fr{U) U\U. 



We shall reserve the word "boundary" for the operator on differential chains developed in §3.5[ as well as for the 
classical boundary of a submanifold, both of which have orientation. Frontier is defined for sets, with no algebraic 
properties. Thus when we speak of the boundary of an open set, we are thinking of U as a submanifold, and when 
we speak of its frontier, we are thinking of [/ as a set. 

Theorem 2.9.4. Let U C R" be bounded and open. There exists a unique differential n-chain U G S^(IR") such that 
Jjj Lo = Jjj 1-0 for all Lu € i3^(IR"), where the integral on the right hand side is the Riemann integral. Furthermore, 
— JjjdV, the volume of U . 
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Proof. Let U = UfZ^Qi be a Whitney decomposition of U into a union of non-overlapping n-cubes, and Wg = 
J2i=iQi- We first show that the differential chains Wg form a Cauchy sequence in ;B^(IR"). Now \\Wt — Ws\\b^ = 
Si=s+i IIQjllsi — J2i=s+i WQiWs" — J2i=s+i Iq tends to zero as s < t — >■ oo since the last sum is bounded by 
the volume of a small neighborhood of the frontier of U, a bounded open set. Therefore J^t^i Qi converges to a 
well-defined chain U € BliR''). That is, 



U 



OO 

E 



Then /jj iu 



where convergence is in the norm. Suppose lu € B}^{1 
of the Riemann integral. 

We first prove the last assertion for positively oriented unit n-cubes Q C 



lim.. 



(2.2) 



Jjj UJ by the definition 



2.9.1 



Q — limj_j.oo Pj where the Pj G ^„(IR"). Using Lemma 
result follows for cubes with arbitrary side length by linearity, 
( p^ we know \\U\\b^ = hmg^oo || J2Ui QiWs^ < 1™, 
and \\dV\\Bi 



Recall from Proposition |2.9.2 that 



we have \\Q\\b^ = hmj_>oo Il-Pjilsi = 1 = JgdV. The 
Now let U be any bounded and open subset of R" . By 



since dV e Bl{ 



— I we use Theorem 



2.8.3 



to obtain \\U\\bi > dV ^ lu^^- 



dV. 



Finally, 

□ 



2.10 Polyhedral chains 

We can similarly represent afhne fc-cells in R", and using these, define polyhedral chains: 

Definition 2.10.1. Recall that an afRne rt-cell in R" is the intersection of finitely many affine half spaces in R" 
whose closure is compact. The half spaces may be open or closed. An affine n-cell can be partly open and partly 
closed. That is, it is the union of an open n-cell with possibly some of its faces. An afRne fc-cell in R" is an affine 
k-cell in a k-dimensional affine subspace of R". 

Theorem 2.10.2. If a is an oriented affine k-cell in R", there is a unique differential k-chain a G ;B^.(R") such that 

u = u 

J a 

for all oj G S^(R"), where the right hand integral is the Riemann integral. 

Proof. The result follows from Theorem 2.9.4| applied to the fc-dimensional subspace of R" containing cr. □ 



Definition 2.10.3. A polyhedral fc-chain in l^is a finite sum J2i=i ^i'^i where G R and ai G ,B^(R") represents 
an oriented affine k-cell Oi in U . 



In §7.1| we use pushforward to create smooth versions of polyhedral chains, resulting in representatives of compact 
submanifolds. 

^An equivalent definition uses simpUces instead of cells. Every simplex is a cell and every cell can be subdivided into finitely many 
simplices 
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2.10.1 Polyhedral chains are dense in differential chains 



Let p G R" and e/ a basis element of . Let Qj be a fc-cube centered at p, with side length 2 ^ , and contained in 
the affine plane containing p and parallel to the /c-direction of e/. Orient Qk to match the orientation of e/. 

Lemma 2.10.4. {p; e/) = limj_j.oo 2^''Qj in the norm. 



Proof. By Theorem 2.9.4 the cube Qj is represented by Qj G i3^(IR"). We know from Proposition 2.9.2 that Qj is 



the limit of Dirac fc-chains Aj,i supported in the midpoints of the 2 



binary subdivision of Qj . The total mass 



of Aj i is 2 and each of the fc-elements has fc-direction and orientation the same as that of e/. We can translate 
each of the simple A:-elements of Aj^i to p. The distance translated is less than . The triangle inequality shows 
that \\V''Aj,i - (p;e/)||Bi < 2-^. The result follows since \\2^^Qj - (p;e/)||Bi < \\2^''Qj - 2J'=Aj- + \\2^''Aj^i - 
(p;e/)||Bi. ^ ' ' □ 



It follows that if a G Afc is simple, then (p; a) is the limit of renormalized representatives of fc-cubes in the norm 
by writing a — ^ ajej. 

Theorem 2.10.5. Polyhedral k-chains are dense in the Banach space of differential k-chains 6^(IR") for all r > 1. 



Proof. This follows from Lemma |2. 10. 4| and since Dirac chains are dense. 



□ 



Remark 2.10.6. Lemma 2.10.4 does not rely on any particular shape, or open set to approximate {p: a). It certainly 
does not need to be a cube, nor do we have to use a sequence of homothetic replicas. We may use a sequence of 
chains whose supports tend to p and whose k-vectors tend to a. See iHarl2bf . 

Example 2.10.7. We show how to represent the middle third Cantor set using a sequence of polyhedral l-chains. 
Let El be the chain representing the oriented interval (0, 1). Let Ci represent (1/3,2/3), and let E2 = Ei + (— Ci). 
We have replaced the word "erase" with the algebraically precise "subtract" (see pUw. Recursively define En by 



subtracting the middle third o/i?„_i. The mass of En is (§)". It is not hard to show that the sequence {(|)"£'„} 
forms a Cauchy sequence in B\{V^) 
boundary operator is applied to T .) 



Therefore its limit is a differential 1-chain T in Bl{R"). (See [ 2.10.1 where the 



2.11 The inductive limit topology 

Since the B"^ norms are decreasing, the identity map (^^(IR"), || • \\b^) ~> ^^KIR") is continuous and linear whenever 
r < s, and therefore extends to the completion, ;B^(1R"). The resulting continuous linear maps u]^^ : S^(IR") ;B^(IR") 
are well-defined linking maps. The next lemma is straightforward: 

Lemma 2.11.1. The maps u^'" : ^^(R") -> ;B^(IR") satisfy 

(a) u]f = I; 

(b) it^.'* o m]^'* — u^'* for all r < s < t; 

(c) The image u[:'(6^(lR")) is dense in S^(IR"). 
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In Corollary 2.11.4 below we will show that each u'f^'^ : ;B[.(IR") ,B|([R") is an injection. This will follow from 



knowing that forms of class are approximated by forms of class B^~^^ in the norm. Whitney proved this for 
C" forms using convolution product (see [Whi57. Chapter V, Theorem 13A), and our proof is similar. 

For c > 0, let : [0,oo)] — )■ R be a nonnegative smooth function that is monotone decreasing, constant on some 
interval [0,to] and equals for i > c. Let Kc : R" — > IR be given by Kc{v) = 7«^(||u|j). Let dV = dxi A • • • A dxn the 
unit n-form. We multiply Kc by a constant so that /||^„ Kc{v)dV = 1. Let be the volume of an n-ball of radius r 
in IR". For uj e ;B^(R") a differential fc-form and (p; a) a simple /c-element, let 

ujc{p',a)= / Kc{v)uj{p + v;a)dV. 



Theorem 2.11.2. If co e S^(R") and c> 0, then ojc G ;Bfc(R") and 

(a) Lu{uJc) = (i«w)c for all u G R"; 
(h) \\uJc\\b- < W^Wb-; 

(c) eS^+i(R"); 

(d) uj^iJ) uj{J) asc^Q for all J € ^^(R"). 
Proof, (a): 

Lu{ujc){p', a) = lim ijJc{{p + ^u] a) — {p; a))/e = lim / Kc(u)a;(p + eu + v; a) — {p + v; a)/edV 



e-i-O 



e-i-O 



Kc{v){LuUj{p + v; a))dV = {LuUj)c{p] a). 



(b): Since KcdV = 1, we know 
|w,(A,,(p;a))| 



n,(v)Lo{T,l^,,(p;a)/\\<j\\\\a\\)dV 



< sup 



|c^(r,A,,(p;a))| 



\u{A,,{p + v;a))\ \w{A^, {q;a))\ \lj{A)\ 

< sup —— — < sup — — = \\uj\\Br 



for all < j < r. Therefore, |wc|_bj < II^^Hs'-, and hence Ijcjclls'- < H^'^lls'-- 

(c): Suppose < j <r. Let rj = L^juj. Then |?7|bo < ||a;||sr < oo. By (a) we know 77c — L„i{ujc). Now 
ric{Tu{p; a)) = / Kc{v)ri{Ty+u{p;a))dV = / Kc{v - u)ri{Ty{p;a))dV, 



and 



r]c{p]a)= / Kc{v)r]{Ty{p;a))dV. 
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Since the integrand vanishes for v outside baU of radius c about the origin, we have 



\'qc{p + u;a) -77c(p;a))| = 



(kc(w — m) — Kc{v))r/{p + V] a)dV 



< / \kc{v - u) ~ Kc{v)\\ri{p + v; a)\dV 

< ac|KcUip||u||hlBo||a||- 



Therefore, Irydiip < ac|K|Lip||w||Br. Using (b), Proposition 2.5.4 and Theorem 2.8.1 we deduce ||a;c||Br+i < oo. 
(d): First of aU 



{uJc-uj)ip;a)= [ K,{v)\\v\\ij{ip + v;a)-{p;a))/\\v\\dV= [ K,{v)\\v\\L,uj{p;a)dV 



where Tc — >■ 0. Let A be a Dirac chain. Then 
\{oj,-uj){A)\<c 



/ Kciv)LvUj{A)dV < c sup{kc(w)} / LyUj{A)dV 



< csnp{K,{v)}a,\oj{A)\ < c'\\oj\\b4Mi 



where c' ^ as c ^ 0. For J e ^^(R") choose A, ^ J in ;B^(IR") and use \\A^\\b^ || J||s- 
Corollary 2.11.3. If J E ;B^(IR") is a differential k-chain and <r, then 

HJ)\ 



□ 



sup 



Proof. According to Theorem 



2.8.3 



we have || JUs-- = supo_^^ge. Suppose uj e Let e > 0. By 

Theorem 2.11.2 (b)-(d), there exists c > such that 



|a;(J)| ^ \iOc{J)\+e ^ \^c{J)\ + e ^ \v{J)\ + e 



Since this holds for all e > 0, we know ||J||sr = sup^^ggr^ip,, 



iQrSr < sup^gg,.+i(j,„) g^. Equality holds since 

□ 



Corollary 2.11.4. The linking maps w^'" : ;S^(IR") '-^ S^(1R") are injections for each r < s. 

Proof. It suffices to prove this for s = r+1. S uppose there exists J G ,B^(IR") with u'f^^'^^{J) = 0. Then u!{u'f^^'^^{J)) 



for ah UJ e S^+^(IR"). By Corollary 2.11.3 this implies that || JUs. = 0, and hence J = 0. 



□ 



Definition 2.11.5. Let 6fe(IR") = 6^(IR") := lim S^(IR"), the inductive limit asr^oo, and ul : S^(IR") Sfc(IR") 
i/ie canonical inclusion maps into the inductive limit. 
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It is sometimes the case that rcsuhs in B]l{R"') carry over easily to the inductive Umit Bfe(IR"), but not alwayt]^ 
For example, is the inductive limit Hausdorff? Is it complete? Is it reflexive? Is it Montel? Does every bounded 
subset of the inductive limit come from a bounded subset of one of the Banach spaces? Much of [HPllj is devoted 
to answering questions of this type, as well as the current paper. 

Corollary 2.11.6. The canonical inclusions u^. : yB^(IR") — > Sfe(IR") are injective. 



Proof. We know from Corollary 2.11.4 that the linking maps are injective. If the linking maps w^' defining an 
inductive limit of vector spaces are injective, then so are the canonical inclusions (see |Kot66| . p. 219). □ 

Each u^(K^(lR")) is a Banach space with norm ||u5^.(J)||r = Since the norms are decreasing, then 

{ul.{Bl{R"))} forms a nested sequence of increasing Banach subspaces of i3fc(IR"'). We endow Sfc([R"') with the the 
inductive limit topology t^; it is the finest locally convex topology such that the maps : BJ.{R") — > ;Ba;(IR") are con- 
tinuous. If F is locally convex, a linear map T : (Sfc(IR"), r^) F is continuous if and only if each Tou^ : SJ!(IR") — >■ F 
is continuou^ However, the inductive limit is not strict. For example, fc-dimensional dipoles are limits of chains in 
Mo(i3°(lR")) in (B/c(lR"), Tfc), but dipoles are not found in the Banach space Mo(i3°(IR")) itself. 

Definition 2.11.7. If J £ Sa;(1R") — lim S^([R"), the type of J is the infimum over all r > such that there exists 
jr ^ mth ul{r) = J. 

Type is well-defined since the Banach spaces uJJ(,B^(IR")) generate ;Bfc(IR") (see |Gro73) . p. 136). 
Theorem 2.11.8. The locally convex space (Sfe(IR"),rfe) is Hausdorff and separable. 

Proof. Suppose J G Sfc(lR") is nonzero. Since the class of J is well-defined, there exi sts € S^(1R") with u^^{J'^) — J 

there exists uj G B°° with 



2.11.2 



where : S^(IR") Sfc(lR") is the canonical injection. Thus ^ 0. By Theorem 
uj{J^) 0. It follows that uj{J) ^ since J and J"" are approximated by the same Cauchy sequence of Dirac chains. 
Therefore ^fc(IR") is separated. This implies that ^^(IR") is Hausdorff (see |Gro73) p. 59). 

For the second part, since Dirac chains are dense in each ,B^(1R"), we can approximate a given Dirac chain I? by a 
sequence of Dirac chains Di = '^jiPj,i] Q^j,i) whose points pj i and /c- vectors aj^i have rational coordinates. □ 

Definition 2.11.9. Let Sfc(IR") denote the Frechet space of bounded C°° -smooth differential k-forms, with bounds 
on the j-th order directional derivatives for each < j < oo. The defining seminorms can be taken to be the 
norms. 



"Grothendiek wrote, "Some questions arise concerning a space which is an inductive limit, which often receive negative answers, even 
for the inductive limits of a sequence of Banach spaces, and which often present serious difficulties. " and "We remark that in practice the 
difficulties which we encounter in inductive limits are the 'converse' of those met in projective limits (the coarsest topology for which...); 
here it is nearly always easy to show that the space is complete, and to determine whether its bounded subsets are weakly compact or 
compact..., an in particular to recognize it as either a reflexive or a Montel space." See |Gro73| . p 138. 

^One can also introduce Holder conditions into the classes of differential chains and forms as follows: For < /3 < 1, replace 
I (p; o)|g3 = ll'ij II ■ ■ ■ ||f 1 II in definition l |2.3.1| with | A^j (p; a)|gj-i+f) = H^j ||^ ■ ■ ■ Hfi || ||«|| where cr^ == Uj o---oui. The 
resulting spaces of chains ^'^^ (R") can permit fine tuning of the class of a chain. The inductive limit of the resulting spaces is the same 
Bfe([R") as before, but we can now define the extrinsic dimension of a chain J £ Bk{R") as diniE(J) ■= inf{k+j — l+l3 : J £ Bj_~^'^^^ {R")}. 
For example, dim£;(cffe) = k where ak is an affine fc-cell since Uk S B^(R") (set j = 0, /3 = 1), while dim£;(S') = ln(3)/ln(2) where S is 
the Sierpinski triangle. The dual spaces are differential forms of class B^~^'^^, i.e., the forms are of class B^~^ and the (r — 1) order 
directional derivatives satisfy a /9 Holder condition. The author's earliest work on this theory focused more on Holder conditions, but she 
has largely set this aside in recent years. 
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Proposition 2.11.10. The topological dual to ,Bfe(IR") is isomorphic to ;Bfc(lR"). 

Proof. It is well known that the dual of the inductive limit topology is the projective limit of the duals, and vice versa. 
(See |K5t66j . §22.7, for example.). Since ^^(R") = lim^^(R"), we know (^^(R"))' = lim(^^(R"))' limS^(R") = 
Sfc(R"). □ 

Let F be the Frechet topology on the space of differential fc-forms i3fc([R") and /3(,Bfe(R"), i3fc(R")) the strong topology 
of the dual pair (i3fc([R"), Sfc(R")). 

The following theorem was first established in [HPllj : 

Theorem 2.11.11. (^^(R"), /3(Sfc(R"), ^fc(R"))) = iBk{R"),F). 

We immediately deduce the fundamental topological isomorphism of cochains and forms by J. Harrison and H. Pugh 
in |HP11) . without which results in this paper involving the inductive limit S(R") would have little substance. 

Theorem 2.11.12. The space of differential k-cochains (6fc(R"))' with the strong (polar) topology is topologically 
isomorphic to the Frechet space of differential k-forms Sfe(R"). 



Our integral pairing (see Corollary 2.8.4) therefore extends to a separately continuous pairing jjUj :— uj{J) for 
Je^fc(R") and e Sfe(R"). 

We next describe an equivalent way to construct the inductive limit (,Bfc(R"), r^) is via direct sums and quotients due 
to K othe |Kot66j . This is the approach we shall use for it provides a clear way to establish continuity of operators 
in the inductive limit, and is in line with the algebraic viewpoint in |Harl3| . 

Definition 2.11.13. For < k < n, let Hk = -fffe(R") be the hull of the linking maps, that is, the linear span of 
the subset y - {J'') : J'' S S^(R"), s > r > 0} C ©^^^(R"). 

First endow ffiJ^Lo'^fcC^") with the direct sum topology. Then (B^.^ki^^'')/ -^k, endowed with the quotient topology, is 



topologically isomorphic to (gfc(R" ),Tfc) ( \Kdm> . §19.2, p.219). Since (Sfc(R'^),rfe) is Hausdorff (Theorem |2.11.8| ), it 
follows that iJfe is closed. f |Kot66| . (4) p. 216). Hence the projection ttj, : (Br^KR") ®r^k{R^^)/ Hk is a continuous 
linear map ( |Kot66) . §10.7 (3), (4)). Since the canonical inclusion v^^ : ;B^(R") — > 0r'Bfc(R") is continuous, the inclusion 
ul := TTfc o r/[ : B^(R") ^ (i3fe(R"),Tfc) is continuous. 

Suppose T : e^^g ®^>o ^^(R") ^ ©^=0 ®^>o ^B^l^") is continuous and bigraded with r(e^(R")) C Bf iR"), and 
T{Hk) C H^. By the universal property of quotients, T factors through a graded linear map T : ®k®rBl.{'R'^) / H^. — )■ 
©fc ©r B^iR") / Hk with T — T o TT where tt is the canonical projection onto the quotient. That is, T[Hk + J] = 
[Hk + T(J)]. Let 6(R") = ^°°(R") ©fc=o^fe(^")' endowed with the direct sum topology. 

Theorem 2.11.14. // T : ©^^^ ©^g ^fe(R") ^ ©Lo '^^(R") is a continuous bigraded linear map with 

T(6j;(R")) C S|(R"), and r(Ffe(R")) C -fff (R"), then T factors through a continuous graded linear map f : S(R") -5> 
i3(R") with T = vr o f . 

Proof. By the universal property of quotients, T factors through a graded linear map T : ©^ ©^ B\.{R^)/ Hk — > ©fc ©r 
BKR") / Hk with r = To TT where tt is the canonical projection onto the quotient. That is, T[Hk + J] — [Hk + T{J)]. 
Furthermore, f : ^(R") -> ^(R") is continuous and graded (see |Kot66| §19.1 (7), p. 217). □ 

A dual result holds for projective limits and can be found in |Kot66) (§19.6 (6), p. 227), replacing locally convex 
hulls with locally convex kernels and reversing all the arrows, but we do not need such formality. 
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3 Primitive operators 



In this section we define a few simple operators on the space B{R") of differential chains. The "primitive" operators 
are all defined initially with respect to a vector w g R" (or perhaps more formally but no more rigorously, a constant 
vector field determined by v.) In { 8.2.2 we extend them to bona fide vector fields, and in { 6.9 we extend them again 



to differential chains on an open set U. 



3.1 Extrusion 

Definition 3.1.1. Let E : R" x ^^(IR") — > y^fc+i(IR") he the bilinear map, called extrusion, defined by its action on 
simple k- elements, 

E{v,{p;a)) := {p;vAa). 

Let E^{p; a) := E{v, {p\ a)). 

Lemma 3.1.2. For each r > and < k < n, the map Ey : ^j,(R") — >■ Ak+i{^^) extends to a continuous linear 
map Ey : Bl{W') S^+i(R") satisfying ||£:„(J)||b. < ||w|| || J||b.- for all J e 6^(R"). 

Proof. Let T{p; a) = Eu{p', a) where u G R" is unit, and < j < r. Then 

||r(A„,(p;a))||B.- - \\A,,T{p;a)\\Br = || A,, (p; m A << ||a||||a||. 



By Corollary 2.7.4 it follows that ||£'i,(yl)||Br < The extension to ^^^(R") is immediate. 



□ 



If S and T are operators, let [S, T] = ST - TS and {S,T} = ST + TS. The following relations are immediate: 
Proposition 3.1.3. Letv,w G R". Then 

(a) El = 0; 

(h) = 0. 



Definition 3.1.4. Let Ea '■ y^fc(R") — > Ak+e{^^) be the linear map defined by E^ '■— Ey 
Vi A ■ ■ ■ A V£ is simple. 



Ey-^ where a 



Then £'q(p; /?) = (p; a A The inequality in Lemma 3.1.2 readily extends to ||i?Q(J)||B'- < ||<^|| ||>^||s'^ 
Since Ey{Hk) C Hk+i we know from Theorem 



2.11.14 



that Ey : e^^o ®%Q S^(R") ^ ^K^") factors 

through a continuous graded linear map Ey : S(R") S(R") with i?^(^^(R")) C S^_^i(R"). To keep the notation 
simple, we will suppress the quotient and write Ey instead of Ey. 

The dual operator on B is interior product iy : S[!^]^(R") — > S^(R") since iy satisfies LoEyij); a) = iyijj{p; a). 

and < k < n — 1. Then Ey G ^{B) and iy G >C(S) are continuous graded operators 



Corollary 3.1.5. Let v G 

satisfying 



I E„J J J 

for all matching pairs J G ,B^(R"), uj G ,BJI_|_]^(R"), and < r < oo. 



(3.1) 
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Figure 1: Extrusion of a curve through the vector field gj: + 



Proof. This follows from the isomorphism theorems 2.8.1 and 2.11.12 □ 
Remarks 3.1.6. 

• Only a few operators we work with are closed on Dirac chains. When this occurs, as it does for extrusion Ey, 
the corresponding integral relation given by duality is still nontrivial, because continuity must be shown, and 
because of the isomorphism theorems \2. 8. 1\ and \2.11.1S\ 



• This result will be significantly extended in when we replace v G R" with a vector field in a Frechet space 
of smooth vector fields 

• Separate continuity will be proved in ^8.^ 



3.2 Retraction 

Given a fc- vector a — vi A ■ ■ ■ A Vk, k > 1, let ai = vi A ■ ■ ■ Vi ■ ■ ■ A Vk- For fc = 1, set a = 0. 

Definition 3.2.1. Let E'^ : R"^ x A(IR") A-i(IR") be the bilinear map, called retraction, defined by its action 
on simple k-elements, 

k 

E\v,{p-a)) :=^(-ir+i(«,«,)(p;a,). 

i=l 

LetEl{p-a) := E^v,{p;a)). 

Theorem 3.2.2. For each r > and < k < n, the map E^ extends to a continuous linear map E^ : ;B^(IR") — >■ 
'^fc-iC^") satisfying 

(a) ||^J(J)||s. < (IO^II^IIII'^IIb'- for all J G S^.(R"). and 

(b) El{Hk)cHk-i. 

Proof, (a): Let u G R" be a unit vector and e/ = ei A • • • A e^. Then 

fe 

\\Ei{A,,{p;ej)\\B^ < ^ |(-l)'+i (u, e,) A,, (p; e7.)lB. < k\\a\\. 

i=l 



20 



Suppose a — a/e/ and u e R". It follows that 



||i?t(A,,(p;a)||B. <^|a/|||i?t(A,,(p;e,)||B^ <fc||t;||^|a,|||(7|| < K^lfclk'll 



Now apply Corollary 2.7.4 to obtain the inequality (a). Part (b) follows since u'i._{'^ El — Elu], 



□ 



The extension to continuous graded linear maps £'J : S(IR") S(IR") is similar to our construction for extrusion Ey 
and we omit the details. 

There is no need for us to keep track of the constant showing up in (a), only that it depends only on k and n, and 
not r. We do not see a coordinate-free way to establish (a) because the definition of i?J heavily relies on the inner 
product. 




Figure 2: Retraction of an extruded rectangle and a unit cube 



Recall the inner product 



in ^2.1 



Proposition 3.2.3. The following relations hold: 

(a) {Ey{p; a), {p; /3))a — {{p', ct), El{p; /3))a for all k-vectors f3 and {k — l)-vectors a; 
(h) EloEl for alive R"; 

(c) [El El] = for all v,w £ R"; 

(d) {El E^} = {Ey,Ei} = {v, w)I; 

(e) {Ey + Elf^{v,v}I; 

Proof. Property (a) comes from the well-established result that E^ is the adjoint to Ey as operators on the exterior 
algebra. (These are the creation and annihilation operators of the exterior algebra as in the study of Pock spaces, 
e.g., Hit].) The relation can be verified directly by writing everything in terms of an orthonormal basis {ei, . . . , e„}. 
Here is the rough idea: We may assume a — ei — ei A ■ ■ ■ A Ck-i and v — Cfc. Por if v = e^, 1 < i < fc — 1, then both 
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sides are zero. We may also assume j3 — Ck /\ ei , else both sides are again zero. But if /3 = Cfe A e/, then both sides 
are one. The general result follows using bilinearity of the inner product. 

The remaining properties follow directly from the definitions. □ 

Property (d) coincides with the canonical anticommutation relations (C.A.R.) of Fock spaces (see |Att| ). 
Lemma 3.2.4. The dual operator of El is h-. 

Proof. It is enough to show that ujEl{p; a) — v° ^\ uj{p; a) for all fc-elements {p; a) and all v G R". This follows since 

n 

ujElip; a) = '^{-iy+^uj{p; {v, v^)a^) = A w{p; a). 
1=1 

□ 

Corollary 3.2.5. Let v € and 1 < k < n. Then 

Au (3.2) 



lElJ Jj 

for all matching pairs J € Bl{R"), to £ Bl_i{R'^), and < r < oo. 

Proof. This follows from the isomorphism theorems |2.8.1| and |2.11.12[ □ 
3.3 Prederivative 

In this section we introduce the concept of differentiation of chains, without regard to a function. 

Lemma 3.3.1. Let {p; a) be a simple k-element and u G R". Then the sequence {{T2-iu ^ I){p\ 2*a)}i>i is Cauchy 
inBliR"). 

Proof. For simplicity of notation, set p = 0. Telescoping gives us 

{2-'u; a) ~ (0; a) = {m2-'+^u; a) - {{m - 1)2-'+^ u; a). (3.3) 

m— 1 

Expanding, we have 

(T2-.„ - /d)(0; Ta) - {T^-i.^,,^ - ld){0- T+^a) = ((2"^; Ta) - (0; To)) - ((2-(^+^)«; 2^+-'a) - (0; 2^+^a)). 
We apply ( |3.3[ ) to the first pair, and consider the second pair as 2^ copies of ((2^(*+^^u; 2*q) — (0; 2*a)). Then 
(T2-.„ - /d)(0; 2'a) - {T^-i^^nu " IdM T+^a) 

^ ^ (m2-(*+^)u; 2''a) - ((m - l)2-(*+^\; 2''a) - ((2-('+^)u; 2'a) - (0; 2'a)). 
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Rewrite the right hand side as a sum of 2-difFerence chains and set 

y = 2-i'+i)u. Then 

2^ 

(r2-.„ -/d)(0;2^a) - -/d)(0;2^+^a) = ^ A(,,(„_i)„) (0; 2^a). (3.4) 

m— 1 

We then use the triangle inequality to deduce 

2^ 

||(r2-,„-/d)(0;2*a)-(T2-,.+„„-/d)(0;2*+^a)||B2 < ^ || A(„,(„_i),)(0; 2^a)||B2 

m— 1 

< |A(,,(„_i)„)(0;2^a)|B2 < 2-^M(a). 

m— 1 

□ 

Deflnition 3.3.2. Define the differential chain Py{p;a) := lim,;_5.oo (Tin — I)*{p]Cili) o,nd extend to a linear map 
of Dirac chains Py : Ak{R") S|(IR") by linearity. Let F : R" x Aki^'') ^fe(IR") he the resulting bilinear 
map: P{v, (p; a)) :— Pv{p;a) called prederivative. Using the natural inclusion u^'^ : yS^(lR") — ^ y8^(IR"), we have 
o P„ : A(R") ^ S^(R"), we usually write Py : A(R") ^fe(R") mstead o/u^''^ o Py : A(R") ^ ^^(R")- 

Lemma 3.3.3. For each v e and r > I, the map Py : ^^^(IR") ^^+^(IR") satisfies 

(a) \\Py{A)\\B.+i < \\v\\\\A\\b^' forallAeAkiRn; 

(b) Py{Hk)(lHk. 

Proof, (a): Since Py commutes with translation, and Py is defined as a limit of 1-difference chains, we have 

||P,(A,.(p;a))||B.+i - lim||At,(A,,(p;a/t))||B.+i < lini |At,(A,, (p; a/t))|s.+i < |k|| . 
t— >-o t— >-o 

Let A G ^fc(R") be a Dirac chain, r > 0, and e > 0. We can write A — J^TLi {Pi't on) ^ in the proof of Lemma 

with \\A\\b'' > J2iLi lkdlll"ill - Then 



2.4.3 



\\PvA\\Br..<J2\\PyA^,^.,{pf,a,)\\B.+. < |k||^|k,||||a,|| < ||,;||(P||b.- + e). 



(b): This follows since Py o = m^'* o Py. □ 

Definition 3.3.4. Define Py : 6^(IR") Bl^'^ as follows: If J e S^(IR"); choose A^ ^ J in the norm and define 
Py{J) := \im,^oo Pv{A^). 

We deduce 

Proposition 3.3.5. The map P : IR" x 6^(R") -> S^+^(R") is bilinear and satisfies ||P„( J)||sr+i < |k|||lJ||sr for 
all J e 6^(R"). 
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Figure 3: Prederivative of a 2-cell in R'^ in three different directions 



Proof. The inequahty holds by Lemina |3.3.3| We show that P determines a bihnear map on Dirac chains: It is hnear 
in the second variable by definition. Additivity in the first variable reduces to showing 

lim(p + t{vi + V2);a/t) - (p + tvi;a/t) ~ {p + tv2;a/t) + (p; a/t) = 

in ,Bfe(IR"). This follows from the definition of the norm of a 2-difference chain: \\{p + t(yi + V2);a/t) — {p + 
tvi;a/t)-{p+tv2;a/t) + {p]a/t)\\B2 < \ip+t{vi+v2);a/t)-{p+tvi;a/t)-{p+tv2;a/t) + {p;a/t)\2 < i||wi||||w2|||la||. 
Homogeneity is immediate since X{p; a) — {p; Xa). □ 



In particular, Theorem 3.3.5 shows that Py G C{B) is a continuous bigraded operator. 
Proposition 3.3.6 (Commutation relations). [Pv,Pw] — [Ev,Pw] — [EIjPw] — for all v,w R". 
Lemma 3.3.7. The dual operator to Py is directionaj^ derivative LyU!{p;a) := lim^i^o "(p+^^'^^'^'^P'") . 

Proof We have ojPy {p]a)^uj limt^o (p+*^^"^)-(p^") ^ lim.^o ^(p+fa;a)-^(p;a) ^ ^ 

Note that when we exchange the limit, we may do so because cj is a continuous operator on differential chains. 
Differentiability here is translated into continuity. 

Corollary 3.3.8. Let v G R" and < k < n. Then Py G C{B) and Ly e C{B) are continuous bigraded operators 
satisfying 

uj — I LyUj (3-5) 



L 



^•+l/|prl^ 



for all matching pairs and 1 < r < oo. 

^'^when the derivative is with respect to a bona fide vector field, we will call it the Lie derivative. 
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3.4 Chainlets 



Let a = a'"^ = {ui, . . . , u^} be a list of vectors in R" and P^^ (p; ol) — o • • • o (p; a) where (p; a) is a simple 
fc-element. We say p is the suppor l^of a). Then the differential chain P^s{p; a) e S^+^(R") is called a simple 

k-element of order s. For k = 0, these are singular distributions represented geometrically as differential chains, e.g., 
Dirac deltas (s — 0), dipoles (s — 1), and quadrupoles (s = 2). For s > 0, let Al{p) be the subspace of ;B^.^^(IR") 
generated by fc-elements of order s supported at p. Elements of Al.{p) are called Dirac k-chains of order s supported 
at p. Let S'(1R"') be the symmetric algebra and S'''([R") its s-th symmetric power. 

Proposition 3.4.1. Let p e R". The vector space A^p) is isomorphic to 5''(1R") (g) Afe(IR"). 

Proof. Let k — 0. The linear map o • • • o (p; a) n- o • • • o ® a is an isomorphism preserving the symmetry 
of both sides since P^ o P^^ ^ P^^ o and P„j o (P„^ o P„ J = (P„^ o P„J o P^g. □ 

Remark 3.4.2. M^e may therefore use the notation (p; u<Si a) — Pu{p', Oi), and, more generally, (p; a ®a) = (p; {ug o 
• • • o Ml ) (8) a) — Pu^ o • • • o Pj^j (p; a) = Per (p; a) where a — Us o ■ ■ ■ o ui. For example, Pu (p; cr (8) a) = (p; (u o cr) (8) a) . 
FFe wi// 6e using both notations, preferring whichever one fits the situation best. While Pa emphasizes the operator 
viewpoint, the tensor product notation reveals the algebra of the Koszul complex ©fc=o ^'^ ® more clearly. For 
example, the scalar t in t{a ® a) = ta ® a = a ®ta "floats, " while this is not immediately clear using the operator 
notation. 

Definition 3.4.3 (Unital associative algebra at p). Define A*,{p) := ®fe^o ®s>o -^fc(p)- ' product on 

higher order Dirac chains A\{p) given by (p; a ® a) ■ {p;T ® j3) :— [p;a o t ® a /\ j3). 

Remarks 3.4.4. 

• For each p G R" A\{p) is a unital, associative algebra with unit (p; 1). 

• This product is not continuous and does not extend to the topological vector space S(1R"). 

• El is a graded derivation on the algebra A^ (p) . Neither Ey nor Py are derivations. 
Lemma 3.4.5. There exists a unique bigraded operator d : -4^(p) — > yl^^^(p) such that 

(a) d{p;v) = Py{p; 1); 

(b) d{A ■ B) = [dA] ■ B + {-if A ■ dB for A,B e AHp) where dim{A) ^ k; 

(c) dod = 0. 



The operator d additionally satisfies 

(d) d{p;a) — X^i ^e^^'l (p; where {e^} forms an orthonormal basis o/R". 

Proof. The first part is virtually identical to the proof of existence of exterior derivative and we omit it. Part (d) is 
easy to prove using the basis {e/} for Ai:(R") and properties (a)-(c). □ 

^^a formal treatment of support will be given in 95 



25 



Let y^|(IR") be the free space k{LipAf.{p)) . In particular, an element of ^|(IR") is a formal sum X^IHife;^* ® Q^O 
where Pi e R" (see 3.4.2). It follows from Proposition 3.4.1 that ^^(R") is isomorphic to the free space {S'' (E) A/.) {R") 
Now ^|(1R") is naturally included in S^^^(IR"), and is thus endowed with the subspace topolog; 



Definition 3.4.6. Let C/ifc(IR") := (yt|(IR"), 5^+^ ). Elements of Chi {R'') are ca//ed fc-chainledi^ of order 



We will see in the next section that {C/i^(IR") C (R")} forms a bigraded chain complex 



3.5 Boundary and the generalized Stokes' Theorem 

Theorem 3.5.1. For each r > and < k < n, there exists a unique continuous bigraded operator d : S^(IR") 
6[.+^i(R") such that 

(a) dJ2{Pt;Vi) = Pvi{Pi-A); 

(b) diip; a) ■ ip; /?)) = a)) ■ (p; /3) + {-1)Hp; ") ' d{p; /?) for {p; a), (p; (3) e A{p) with dim(p; a) = k; 

(c) dod = 0. 

This operator d additionally satisfies 

(d) diAliW')) C y^fctl(R") for allk>l and s > 0; 

(e) d{AURn) = {0}; 

(f) d = j:.Pe.Ei- 



Proof. Parts (a)-(f) fol low d irect ly fro m Lemma 3.4.5 while continuity is a consequence of (f) and continuity of P„ 
and El (see Theorems |3.2.2| and |3.3.5[) . □ 



Theorem 3.5.2. The linear map d : ^^(R") ^ S[+}(R") IS continuous with \\dJ\\ gr+i < kn\\J\\B'' for all J G 
B^(R"). It therefore extends to a continuous operator d : S(R") — >■ ,B(IR") and restricts to the chainlet complex 

chim. 

Theorem 3.5.3. The following relations hold: 

(a) {d, Ey} — Py ( Cartan's magic formula for differential chains); 

(b) [Eld]^0; 

(c) [P., a] = 0. 



^^The inner product we chose on R" induces an inner product on the exterior algebra (■, ■)a using determinant (see Definition |2.1.l| . 
It induces an inner product on the the symmetric algebra (■, ■)o using permanent of a matrix (cr, t)o := per((«,., ''s)), and thus on v4^(p) 
via (p; (T (53 o), (p; T eg) /3))(g) := {tr, t}o (a, /3) a- However, this inner product (■, on A'^, (p) does not extend to a continuous inner product 
on .4J(IR"), although it can be useful for computations on Dirac chains of arbitrary order and dimension as long as limits are not taken. 

^^Differential chains of class B were originally called chainlets. It is only recently that the author has begun to appreciate the importance 
of what we now call the chainlet complex, which is a subcomplex of the differential chain complex. 
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Proof. This follows from Proposition |3.2.3] □ 
Theorem 3.5.4 (Stokes' Theorem). LetO<k<n-l. Then 



/ UJ = I duj 
JdJ J J 



for all matching pairs J G S[!^}(IR"), w £ S^(IR"), and 1 < r < oo. 



Proof By Lemma 3.2.4 and Corollary [3X8|wa( J) = cj^^r^i PeMM) = ELi Le^^^lM) = TTi=i de^ A L^MJ)- 
Since duj = X]r=i u^TT^ei^ is equivalent to the classical definition of duj, the result follows. □ 

Lemma 3.5.5. Let W he a hounded open suhset of R" with a piecewise smooth frontier. Then dW — dW . 

Proof. Since W is bounded, it is represented by W G S^(IR"). By the classical Stokes' theorem for open sets with 
piecewise smooth boundaries, Stokes' theorem for differential chains [T. 5. 4 1 and Theorem |2. 9. 4[ 

u! = f duj = duj — UJ — f UJ 

aw Jw Jw Jaw Jaw 

for all UJ e 62_i(R"). Hence dW = dW. □ 



Example 3.5.6. Algebraic boundary of the Cantor set. In Example 2.10.1/\ we found a differential 1-chain 



r = lim„_j.oo(3/2)"£'„ representing the middle third Cantor set where En — U[qpn^iT qn,i] is the set obtained after 
removing middle thirds at the n-th stage. Then dV — X^i^Li (3/2)") — iPn,i', (3/2)"). Furthermore, Jq^^^ = 

Jp duj for all uj G (7^+^*p. For example, 



X — f dx ~ lim / dx — 1. 

ar Jr "^°°J(3/2)"_e„ 

3.5.1 Directional boundary and directional exterior derivative 

Definition 3.5.7. Let v £ R". Define the directional boundary on differential chains hy 9„ : SJJ(IR") S^^i[(IR") 
hy dy :— PyEl. See Figure^ 

For example, 9ei(p; 1 <8) ci) = (p; ei <Si 1), de^{p; 1 (g) ei A 62) = (p; Ci (g) 62) and d^^ip; 1 (g ei A 62) = (p; -62 (g ei). 
Definition 3.5.8. For v G IR", define the directional exterior derivative on differential forms dyUJ = A LyUj. 
Theorem 3.5.9. d„ : 6^tl(R") ^ S^(R") satisfies dyUJ = 



Proof. Since v A L^w — LyUiEl, we have = v A LyUi = ujPyE\ by Lemma 3.3.7 



□ 
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Figure 4: Directional boundary d, 



3.6 Perpendicular complement and classical integral theorems of calculus 
3.6.1 Clifford algebra and perpendicular complement 

Consider the subalgebra^C^ C C{B) of linear operators on BjR"' ) gener ated by {C^ : v e R"} where C^^E^ + El 



According to the bilinearity of E and E^ (see Corollaries 3.1.5 and 3.2.5), we know that C£ is isomorphic to the 
Clifford algebra. However, the isomorphism depends on the inner product. The algebra product]^ is composition of 
operators: Cu • C„ = {E^ + E^) o [Ey + El). It is worth understanding what does to a simple /c-element {p; a): 
For simplicity, assume a — ej and v — Ci, taken from an orthonormal basis {ci} of K". If e.^ is in the ^-direction of 
ej, then Ce^ "divides it" out of e/, reducing its dimension to fc — 1. If is not in the /c-direction of e/, then Ce^ 
"wedges it" to e/, increasing its dimension to k + 1. 

Definition 3.6.1. Let _L: y^fc(IR") — > y^„_fc(IR") be the operator on Dirac chains given by _L:= Ce„ o • • • o Cei = 
n"^j^(_Be^ + El ). Then _L extends to a continuous linear map on ,B(IR") since Ey and El are continuous. We call _L 
perpendicular complement. Perpendicular complement does depend on the inner product, but not on the choice 
of orthonormal basis. 



It is not too hard to see that _L behaves as we expect. That is. 

Proposition 3.6.2. If a is a k-vector, then _L {p; a) — {p; a^), where a'^ is the (n — k)-vector satisfying a A a-^ = 
(— l)'"'||a|pei A • • • A e,i. Furthermore, the k-direction of a is orthogonal to the {n ~ k)-direction of a-*^. Thus, 

It follows that ★a; := a; _L where ★ is the classical Hodge |Hod89] star operator on forms. 

Theorem 3.6.3 (Star theorem). Let < k < n. The linear map _L: Ak{R") — > yl„-fe(IR") determined by {p;a) 
(p; _L a), for simple k-elements {p;a), satisfies 

II ± Alls-- - ||A||b. 

^^The author thanks Patrick Barrow for pointing out that this operator algebra is isomorphic to the CUfEord algebra. 

-"^^Some authors call u A v + {u,v) the "geometric product" . This is found naturally as (Eu + ) o (E^ + eI){0; I) = u A v + {u, v) . 
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Figure 5: Perpendicular complement _L 



for all A G Aki^"")- It therefore extends to a continuous linear map _L: ;B^(IR") — ;> 'BjJ^_;j(IR") for each < fc < n, < 
r < oo, and to a continuous graded operator _Le C{B) satisfying 



±.J J J 

for all matching pairs J G S^(IR"), u! G SJ^_j,(IR"), and < r < oo. 

Proof. We know |j _L J\\b^ — ||>^||s'- since |j Jjis'- = sup yp^^jj^ and = || ^^^IIb'- for < r < oo. A direct proof 

using difference chains is straightforward and can be found in |Har06j . 

The integral relation holds on Dirac chains since *a; = a; _L on Dirac chains and by continuity. Continuity of 
_L: -> follows. 

□ 

3.6.2 Geometric coboundary, Laplace, and Dirac operators 

Definition 3.6.4. Define the coboundary operator <0> :=_L d _L. Since d decreases dimension, increases dimen- 
sion. Its dual operator is the codifferential 6 where 6 — -kd-k. 

Definition 3.6.5. Define the geometric]^ Laplace operator □ :— 09 + 90- 

This operator preserves dimension and restricts to an operator on ySfe(lR"). The dual operator is the classical Laplace 
operator IS. — d5 + 5d ow differential forms. The geometric Dirac operator 9 + dualizes to the Dirac operator d-\- 5 
on forms, (see |Har06| ). 

Theorem 3.6.6 (Gauss-Green Divergence Theorem). Let 1 < k < n. The integral relation 

d-ku — I UJ 
J J±aj 

holds for all matching pairs J G SJI^"'^(IR"), oj G IS^-^^-k+ii^") ' '^^'^ 1 ^ ^ oo. 

Proof. This follows directly from Theorems |3.5.4| and |3.6.3| □ 

Example 3.6.7. If S represents an oriented surface S with boundary in and to is a smooth 2-form defined on S, 
Theorem 3.6.6 tells us f^d^u = fj^g^uj. This result equates the net divergence of oj within S with the net flux of u> 



(thought of as a 2 -vector field with respect to the inner product) across the boundary of S. 
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Bounded open set DIpole extruded curve 

Figure 6: Geometric Laplace operator □ of an open set in 




ids 




A surface S in The perpendicular complement 

of its ctiain boundary. 

Figure 7: A domain of the divergence theorem for surfaces in 

Corollary 3.6.8 (Kelvin- Stokes' Curl Theorem). Let 1 < k < n. The integral relation 

/ oj = I -kdoj 
JdJ J±J 

holds for all matching pairs J € S[,^^(IR"), uj G i3^_]^(IR"), and 1 < r < oo. 

Proof. This follows directly from Theorems |3.5.4| and |3.6.3| □ 
Corollary 3.6.9 (Higher order divergence theorem). Let s > and < k < n. The integral relation 

□=j J J 

holds for all matching pairs J S S^(R"), a; G S^+2"(IR"), andO<r <oo. 

Figure |6] shows this Corollary |3.6.9| has deep geometric meaning for s = 1. Whereas the divergence theorem equates 
net fl-ux of a A;-vector field across an oriented boundary with net interior divergence, Corollary |3.6.9| equates net 

^^Yes, this is an abuse of the word "geometric." The author is amenable to suggestions about what to call this operator. 
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flux of the "orthogonal differential" of a fc-vector field across an oriented boundary with net interior "second order 
divergence" . In this sense Corollary |3.6.9| is a "higher order divergence theorem" . As far as we know, it has no 
classical precedent. 

The following diagram depicts the underpinnings of the exterior differential complex. The "boundary" operators are 



retraction El. The commutation relations are given in Propositions 3.1.3 3.2.3 3.3.6 3.5.3 and 3.6.2 




4 Multiplication by a function and partitions of unity 

4.1 Multiplication by a function and change of density 

We prove that the topological vector space of differential chains ,B(IR") is a graded module over the ring of functions 
(0-forms) So(R")- 

Lemma 4.1.1. The Banach space Bq{R") is a ring with unity via pointwise multiplication of functions. Specifically, 
i//,ge65(R"), then ||/ • .g||s.- < n2'-||/||i3HI.9lli3-- 

Proof. The unit function u{x) = 1 is an clement of Bq{R"') for r > since ||u||sr = 1. The proof ||/ • gWs^ < 
2'^||/||_B'-||3||b'- for n = 1 is a straightforward application of the product rule and we omit it. The general result 
follows by taking coordinates. □ 

Definition 4.1.2. Define the bilinear map 
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which we call multiplication by a function. Let ■mf{p;a) :— m{f, {p;a)). 
Lemma 4.1.3. If v e R'^ and f e S5(IR"),r > 1, then Ef., = nifEy. 

Proof. This follows directly from the definitions: 

Ef^{p;a) = (p; f{p)v A a) = mf{p;v A a) = mfE^{p;a). 

□ 

Theorem 4.1.4. Let < k < n and r > 0. The bilinear map m — m\ : Sq(R") x Ak{R^) — > Ak{R^) extends to a 
separately continuous bilinear map m = m^. : BqIR") x ,B^.(IR") — !■ S^(IR") with 

\\Mf:J)\\Br <n2-\\f\\Br\\J\\B^ for allJeBUR''). 

Furthermore, for each < k < n, there exists a separately continuous bilinear map m = '■ BqIR") x Sfc(IR") — )■ 
i3fe(IR") which restricts to ml on each ^^(IR") x u^(;B^(lR")) . 



4.1.1 



ll^llff — Hulls'- ~ 



Proof. Wc first prove the inequality for nonzero A E ^fc(IR"). By Lemma 

I/™ A^l 

'^''ll/lls'^ll^ll-B''- The inequality follows since ||m/^||B'- = sup \\J\\^^ ■ We can therefore extend ml to ;B^(IR") 
via completion, and the operator ml will still satisfy the inequality. 



For the last assertion, first fix / e Bq{R"). Since m/(iJ/j(IR") C iJA;(lR")), we can apply Theorem 2.11.14 to extend 
mf : ^ Bl(R") to a continuous linear map mj : ^ ^fc(R"). Define m : So(R") x Sfc(R") ^ 

by m(/, J) := m/(J). This is well-defined since / G So(R") implies / € 

Last of all, we establish continuity in the first variable: Suppose J G Sfc(IR"). Then there exists r > and G ;S^(IR") 
such that ul{J^) = J. Suppose — ?► in Bo{R^). Since the inclusion So(IR") ;S5(IR") is the identity map and 
continuous, then /, ^ in S5(IR"). Now use the fact that ml : Bl{R'') x ^^(R") ^ ^^(R") is continuous in the first 
variable. □ 

Proposition 4.1.5. Let f,g G S5(IR"),0 < r < oo, and w G R". T/ien 

('aj [m/,mg] = [mf,E^] = [mf,El] = 0; 
(b) [m/,P„] = 

[mf,d]=j:^df{e,)El. 

Proof, (a): These follow directly from the definitions, (b): By the Mean Value Theorem there exists qt — p + stv, < 
s < 1 such that = L,f{qt). Then 

mfP^{p; a) — mj lini(p + tv; a/t) ~ [p; a/t) — lirn(p + tv; f{p + tv)a/t) — [p; f{p)a/t) 

= lim(p + tv- {f{p) + tLJ{qt))a/t) - (p; f{p)a/t) 

= \im{p + tv; f{p)a/t) - {p; f{p)a/t) + \im{p; Lyf{qt)a) 

t—yO t— >0 

= P^mfip; a) + mL^f{p\ a). 
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(c): This uses (a) and (b), as well as Theorem 3.5.1| (f). 

rufd — dvfif — ruf P^^EI, — Pe^El,mf 

i i 

= mfY, Pe,El - J2 Pe^rnfEl 

i i 

By Cartan's magic formula Lg. — ie^d + die^ ■ Hence Le^f — iadf + die^f ~ iadf — df{ei). The result follows. □ 
We denote the (continuous) dual operator by /• e £(S(IR")) where / e SqCR")- 

Theorem 4.1.6 (Change of density). Let < k < n. The space of differential chains ,Bfc(IR") is a graded module 
over the ring Bo{R"^) satisfying 

I oj = ff-u; (4.1) 

J mf J J J 

for all matching pairs J € K^(IR"), w £ S^(IR"), and < r < oo. 

Proof. Since uj{mf{p; a)) = f ■ uj{p;a)) the integral relation holds for Dirac chains, and thus to pairs of all chains 
and forms of matching class by separate continuity of the integral pairing of Theorem 4.1.4 (for < r < oo) and 
Corollary |2. 8. 4| (for r = oo). □ 

We can actually say a bit more about the continuity of m/ with respect to / G S5(IR"). Convergence in Bq{R"') 
is restrictive as it does not lend itself nicely to bump functions and partitions of unity. In particular, if {4>i} is a 
partition of unity, then X]i=i 'Pi ^ ^ in the nor n|^ In fji] we need m/ to be continuous under a more local 
notion of convergence (the version of the compact-open topology.) The following lemma and its proof are due to 
Harrison Pugh. 

Lemma 4.1.7. Let fi, f e Bq(JR^^), r > 0, such that fi^f pointwise and \\f — fiWs^ < Cr for some Cr independent 
ofi. Then nifj rufj in the B-" -norm for all J € ^^(R"). Suppose J e ^fc(R"). ///»,/ e So(R"), fi ^ f 
pointwise and there exists Cr with \\f — /i||_Bi- < C,- for all r > 0, then mf.J^ "^fJ Bk{R^) ■ 

Proof. Let e > 0. We show there exists TV such that \i i > N then J — mf.JWB^ < e. Suppose not. Then for all 
N there exists iN > N and ujn G B^R") with ||wAr||Br = 1 such that 

{{f ~ fr.MiJ) > e. 

'^^The author is grateful to H. Pugh for pointing this out. 
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(This is by the definition of the norm on chains as a supremum over forms of norm 1.) Now, let Ai J be Dirac 
chains. Then there exists M such that if j > M, then w(J) — uj{Ai) < e/2 for all w S i3^(lR") with < nrC. 

Therefore, putting these two together, and using the fact that ||((/ — /i„)wAr)||_Br < nr\\f — /ills-- ||w7v||b'- < nrC, 
we have 

for all N. Now, fix such a j. Say Aj — J^siPsj '^s)- Then 



Since /i — > / pointwise, we can make N large enough such that 

\f{Ps)- f^^{Ps)\ < 



2max\\as\\o 
for all s. Therefore, 

^ifiPs) - fij^{Ps))<^N{Ps;as) < e/2, 

s 

which is a contradiction. The last part follows by applying the first to E ,S^(R") with u^iJ^) = J- Then 
ruf .J ^ rrifj in the B'^ norm for each s > r. □ 



4.2 Partitions of unity 

If A e Ak{R") is a Dirac chain, and W C R" is open, let be the restriction of A to W. That is, ii A = 

then A[iv= j ! o;*, ) where the sum is taken over all p^^ G W. 

Example 4.2.1. Let Q be the open unit disk in R^. For each integer m > 1, let Aj^ = ((1 + 1/2771, 0); m) — ((1 — 
1/2777,, 0); 771) and Bj^ ~ A,n — ((1, 0); ei (X" 1). Then B^ as m ^ go in Bq{R'^), and yet i?m[Q= (1 — 1/2777; —771) 
diverges as m — > 00. This example shows that it can be problematic to define the part of a chain in every open 
set. We will see however in (see that "inclusion" is well-defined, so it is more natural to use cosheaves with 

differential chains, as opposed to sheaves. 

Theorem 4.2.2. Suppose {Ui}°^i is a locally finite bounded open cover of R" and a partition of unity 

subordinate to {C/,}^i with £ 65(R"). If J G ^^(R"), then 

00 

J — y~^(77-7$. J) 
i=l 

where the convergence is in the B^ norm. If J (z Sfc(R"), then 

00 

J = y~^(77-7^. J) 
i=l 

where the convergence is in the inductive limit topology. 
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Proof. Apply Pugh's Lemm£ j^s|4.1 j| to J2fLi and the function 1 e So(R")- Then Ej=i(™<e>,'^) = (E^i m$J J ^ 
J in the norm, assuming J G S^(IR"), or the inductive limit topology, assuming J G ,Bfe(IR"). □ 

We immediately deduce 

Corollary 4.2.3 (Fundamental Lemma). If J E B]^{R") satisfies rufj — for all J E Bo{R") with compact support, 
then J — 0. 

This implies the fundamental lemma in the calculus of variations. For — f ■ gdV = j^^^jj gdV for all g implies 
mfU = 0. 



4.2.1 Partitions of unity and integration 

If / = (0, 1) and {(f>s} is a partition of unity subordinate to a covering of / = ^s=i^s, then we can write the chain 
representative / of / as a sum / = X]s=i ^(j>s^s- This ties the idea of an atlas and its overlap maps to integration. 
Roughly speaking, the overlapping subintervals have varying density, but add up perfectly to obtain the unit interval. 
We obtain jjuj — X]s=i Im^ T This is in contrast with our discrete method of approximating / with Dirac chains 
Am to calculate the same integral jju — limj^ uj. 



5 Support 



We have already seen the support supp{Lo) of a differential form uj G S^(IR") in Definition (2.4.1) and the support 
supp{A) of a Dirac chain A G y^fc(IR") in §( |1.1[ ). We show that associated to each nonzero chain J G Sfe(lR") is a 
well-defined nonempty closed subset supp{J) C R" called the support of J. 

Definition 5.0.4. Let fle{p) ■= {q G R" : \\p — q\\ < e}, the open ball of radius e > about p. 

Definition 5.0.5. If J e Bl{R''), 0<r <oo, let 

supp{J) := |p G R" : for all e > 0, there exists rj G S^(IR") s.t. J rj where supp{ri) C f^e{p) 

Proposition 5.0.6. Let J G ,B^(1R"). Then supp{J) — supp{u^'^ {,])) — supp{ul{J)) for all < r < s. 

Proof. Suppose p G supp{J) and e > 0. Then there exists 77 G SJJ(1R") with supp{rj) C ^c{p) and £^77 ^ 0. By 
Theorem 



2.11.2 



rj can be approximated by ^ G Sfe(R") with supp{^) C 0^{p) and /^^ 7^ 0. Thus p G supp{uf.{J)) , 
as well as supp{u^''^ {J)). □ 

By working with forms supported in e-neighborhoods of points, it is not hard to see that the support of a chain 
agrees with our previous definition of the support of a Dirac chain A. 

Support is a map from ;B^(IR") to the power set of R". It is not linear, nor is it continuous in the Hausdorff metric. 
Consider, for example. At = (p; ta) + (g; (1 — t)a). Then supp{At) = {p, q} for all < t < 1, but suppiAg) — q and 



supp{Ai) — p. However, we can say something about the support of limits of differential chains in Theorem 5.0.13 



'This is a much more elegant approach than the author's original proof using weak convergence in T)' . 
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If J = 0, then supp{ J) = 0. li X is any subset of R" with supp{J) C X, then we say J is supported in X. If supp(J) 
is compact, we say that J has compact support. 

Theorem 5.0.7. If J is a nonzero differential chain, then supp{J) is a closed, nonempty set. 

Proof. Suppose J £ SJJ(IR") and supp{J) = 0. Then for each p e R" there exists e > such that JjOj ^ Q for 
all uj G S^(IR") with supp{uj) C i^e{p). We can choose a locally finite subcover of R" by such open balls f2c(p). 



Let {fi} be a partition of unity subordinate to this cover. Then "^iiinf-J) converges to J in the norm by 
Theorem |4.1.4l Hence fjUj = T,J^j = T^J'jfi ■ w = for all w e 6^(IR"). Thus J = 0. Now suppose 

J e ^fe(R") and supp{J) = 0. Then there exists J'' e ^^;(IR") with u^(J'0 = J. By Proposition |5.0.6| we know 
supp{J) = supp{J^) = 0. By the first part, J'' = and thus J = u^^{J'^) = 0. Also say that we use B instead of B°° 
to keep us mindful that our topology is not the Banach space which is obtained by taking limits of norms. It also 
reminds us that the space is predual to B. 

We show supp{J) is closed: Suppose pi ^ p and pi € supp{J). Let e > 0. Then d{pi,p) < e/2 for sufficiently large i. 
Since pi G supp{J), there exists ij G ;B^(R"), respectively, 77 e Sfe(R"), supported in i^e/2{p) such that Jjrj ^ 0. Thus 
p € supp{J) since rie/2(p) C f^e(p)- □ 

Lemma 5.0.8. Suppose the differential chain J and the differential form rj are a matching pair with supp{r/) C 
supp{JY . Thenjjr] = 0. 



Proof. Suppose J G S^(IR"), 77 G S^(1R"), < r < 00, and supp{r]) C supp{JY . For each p G supp{r]), there exists 
e > with rie(p) n supp{J) = 0. Thus /^w = for all w G Sj;(IR") with supp{uj) C ^2e(p). Cover suppij]) with 
a locally f inite c olle ction o f such open sets and choose a partition of unity {fi} subordinate to it. It follows from 



Theorems 



4.2.2 



and 



4.1.6 



rj G Bki'Rj is essentially the same 



that /j77 = /^^(^^^j)?/ 



J2ifjfi-ri = 0. The proof for J G 6fc(R") and 

□ 



Definition 5.0.9. Let < k < n and r > 0. Let J G BliR") and X C a closed set. We say that J is accessible 

in X, if for every open set W C IR" containing X, there exists Ai G Ak{W) with Ai ^ J in S^(R"). For J G ;Bfe(R") 
the same definition holds, except that we require Ai ^ J in Sfe(R"). 

Clearly, every differential chain J is accessible in R". 

Theorem 5.0.10. If J is a differential chain and X C R" is closed, then J is accessible in X if and only if 
supp{J) C X . 



Proof. Let J G SjJ(R"), r > 0, and suppose J is accessible in X. Suppose p G supp{J) and p ^ X. Since p ^ X, there 
exists e > with B^{p) n X = 0. Since p G supp{J), there exists 77 G ;B]I(R") with Jji] 7^ ^ and supp{ri) C f^^ip). Let 
f/ be a neighborhood of X. Then t/ — B^{p) is also a neighborhood of X, so there exist — > J in J7 — B^{p). We 
know 77 = since 77 is supported in Vl^{p), and thus rj —> J j rj = 0, a contradiction. 

Conversely, suppose supp{J) C X. Let be a neighborhood of X. Then is a neighborhood of supp{J). Let 



J in Bli 



and ^iLw- We show ^ J in B'^ 



Let be an open set with supp{J) d V d W . 



There exists a locally finite cover of by open sets {Ui}°^i satisfying JjUJ ~ for all w with supp{uj) C Ui for 
all z > 1. Let {/i,/o}i^i be a partition of unity subordinate to {Ui,W}°^i, which is a locally finite open cover 

^ yield jjuj = T,Zo Imf^j"^ = T,ZoIjf^ ■ ^ = Ijfo^- 
The result follows since Bi G Ak{W). 



of 



Let Lo G Bli 



Theorems 



4.2.2 



lim. 



and 



4.1.6 



Thus 
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The proof for J e Sfc(IR") is similar. □ 
Proposition 5.0.11. Let r > and < k < n. The following properties hold: 

(a) If a differential chain J is accessible in the closed sets X and Y , then J is accessible in X HY . 

(b) If the differential chains J and K are accessible in a closed set X , then J + K and cJ are accessible in X for 
all cGR. 



Proof, (a): According to Theorem 5.0.10 supp{J) C X n F, and thus J is accessible in X n F. 

(b): Let U he & neighborhood of X. Then there exist Ai ^ J and -¥ K with A^, Bi e Al{U). Thus Ai + B^ 
J + K and Ai + Bi Ak{U). Homogeneity is similar. 

□ 

Corollary 5.0.12. supp{J) is the intersection of all closed sets in which J is accessible. 

Proof. Let E — r\i,^iX^ where the intersection is taken over all closed set in which J is accessible and / is an 
indexing set. Let p e supp{J). Then p £ Xi, for each i e / by Theorem 5.0.10 Hence p G Htg/Xt. Thus supp{J) C E. 

Let p £ E. Then p e for all t G /. In particular, p £ supp{J) since supp(J) is an accessible set (use Theorem 



5.0.10). Hence E C supp{J), and we are done. □ 



Thus supp{J) is the smallest closed set in which J is accessible. 

Theorem 5.0.13. Suppose X C R" is closed and supp{Ji) C X for a sequence of differential chains Ji — > J. Then 
supp{J) C X . 



Proof. If J = 0, we are finished since supp{J) = by Definition 5.0.5 Suppose J ^ 0. Then supp{J) 7^ by 
Theorem [5.0.71 

Assume Ji — Jin S^(lR"),r > 0, or J; J inSfc(IR") Suppose there exists p £ supp{J) and p ^ X. There 
exists e > such that rie(p) n X = 0, and 77 G SJJ(IR") with Jjrj and supp{rf) C f^e{p)- On the other hand, 
fjTj — limi_j.oo/j. ^7 = since supp( Ji) C X. The proof for Ji-^ J inSfc(IR") is essentially the same. □ 

Proposition 5.0.14. Suppose J G and f G i55(R"),r > Q, or J e Sfe(R") and f G So(R"). Then 

supp{mfj) C supp{f) n supp{J). 

Proof. Let p G supp(mfj). If p ^ supp(f) D supp(J), there exists e > with Qe{p) H supp{f) D supp{J) = and 
1] G SJJ(IR") (respectively, G Sfe(IR")) with Jj f ■ V = j'„^^j'n 7^ and supp{f]) C f^dp)- Thus p G supp{J). If 
p ^ supp{f), we can choose e > so that il£(p) H supp{f ) = 0. Then Jj f ■ V = which is a contradiction. Hence 
p G supp{f) n supp{J), as claimed. □ 

Proposition 5.0.15. If T is a continuous operator on B{R") with supp{T{A)) C sMpp(j4) /or all A G yl(IR"), t/ien 
supp[T{J)) C sitpp(J) /or J G 6(R"). 
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Proof. Let S be the dual operator on yB(IR") given by Slo := ljT. Suppose p € supp[T{J)) and p ^ supp{J). 



There exists e > such that fl^ip) H supp{J) 



Then 



for all w G Sfe(IR") supported in Vtc{p). Since 



p € supp{T{J)), there exists G ;Bfe(IR") supported in ^^^(p) so that JjS{t]) = /^(y) V ^- This is a contradiction 
since S'(77) e B(R"). ' □ 



This result also holds for operators T : S^(IR") — !• S|(IR") with suitable modifications to the subscripts and super- 
scripts. 

Examples 5.0.16. 

• The unit interval I = {{t,0) \ < t < 1} CZ is the support of uncountahly many k- d imensio nal chains in 
BJJ(IR^) for each < k < 2. Examples include rUfljE^.^!,!. /, and Pe^I (use Proposition 5.0.15). 



Any closed set S supports a chain. Simply choose a dense countable subset {pi} C 5", and note that S supports 
the chain J = X^i^ifei There are uncountably many distinct chains with support S since supp{mf J) C 



supp{J) by Proposition\5 . 0. 14 



Proposition 5.0.17. If W C R" is bounded and open, then supp{W) 
supp{a) = a. 



W. If a is an affine k-cell in R", then 



Proof. By Theorem 



2.9.4 



W € i3^([R"). We first show that supp{W) C W: Suppose p G supp{W) andp ^ W. There 
exists e > such th at r2e(p)nVF ^ 0. Furthermore, there exists rj e S^(1R") supported in fie(p) with r] = ij ^ 



by Theorem 



2.9.4 



But Jy^ 1] — Q ior all rj supported in fle{p). 



We next show W C supp{W): Suppose there exists p £ W and p ^ supp{W). Then /^y w = for all cj e S,\(IR") 



supported away from supp(W). Since p £ W, there exists a differential chain rj G Bn( 
Iw^^Iw^T^^^y Theorem 



2.9.4 



') supported in B^ip), and 



Now suppose p £ W and p ^ supp{W). There exists e > with ^le{p) fl supp{W) = 0. Therefore, there exists 
q € W n r2e(p). It follows that q £ supp{W), and therefore J^rj ^ for some ij G i3^(IR") supported in fie(p). On 
the other hand, J^r^ — for all uj supported in fle{p). 

The result extends readily to afhne fc-cells by working within the affine subspace containing a and applying what we 
just proved. □ 



Proposition 5.0.18. IfWd R" is hounded and oper] \ then supp{dW) — fr{W) 



5.0.15 



and 



5.0.17 



Proof. Since W is bounded and open, we know supp{dW) C supp{W) — W hy Propositions 
Suppose p G supp{dW) and p £ W. Then there exists e > with rie(p) Ci fr{W) = 0. There exists rj £ S^j_i(IR") 
with T] supported in fte{p) and /g^y r/ ^ 0. Using Whitney decomposition, say, we can find open sets Wi C W with 
piecewise linear frontiers, B^{p) C Wig, for some io, and Wi — ?► W. By the classical Stokes' Theorem for the Riemann 



integral of differential forms defined over n-dimensional domains with piecewise linear boundaries. Theorem 2.9.4 
and Stokes' Theorem |3331 







drj 



drj 



l^(W^) JW^ JWi 

contradicting our assumption that p£W . It follows that p £ fr{W^ 



dW, 



'The author thanks E. Fried and B. Sequin for suggesting this result might be true, as weU as a proof for the second half 
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For the converse, suppose there exists p € fr{ W) andp ^ supp{d W). There exists e > such that il.e{p)nsupp{dW) 
0. Then /^p^^w = for all uj supported in il^{p). Let q G ^e{p) H W, which must exist by definition of frontier. 
Therefore, by Theorems 



2.9.4 



and 



3.5.4 



contradicting our assumption that p ^ supp{dW) 



there exists i] supported in rie(p) with ^ drj = drj = rj 0, 

□ 



6 The classical integral theorems in open sets 

The integral theorems of Stokes, Gauss, and Kelvin-Stokes reach a new level of generality in this section. Here, they 
hold for matching pairs of differential chains and differential forms defined in open sets J7 C R". 

We will see that neither differential chains nor differential forms defined in open subsets of R" are simply restrictions 
of differential chains and differential forms defined in R". The new integral theorems presented in this section are 
therefore not restrictions of our earlier results in ^|3] to open sets. The differential forms are smooth inside U, but 
might be discontinuous at points in the frontier of U. 



6.1 Differential chains in open sets 



Let [/ C R" be open. We say that a j-difference fc-chain A^-j (p; a) is inside W if the convex hull of supp{A„i {p; a)) 
is contained in W. 



Definition 6.1.1. 

||j4||5r,i7 := inf ■ 

Theorem 6.1.2. I 



A ~ A^j(i) {pi; Qfi), A^j(i) {pi; a^) is inside U, and j{i) < r for all i 



i=l 



Wb-^.v is a norm on Ak{U). 



The proof is similar to the proof that || • ll^r is a norm and we omit it. Using the norm (6.1.1 1, we complete the free 
space Ak{U)^ and obtain a Banach space B'^{U). 

Examples 6.1.3. 

(a) IfU is a bounded and open subset o/R", then U G B^{U): This holds for convex bounded open sets Q because 



Q = limi 
Theorem 



2.9.4 



Ai where Ai e -4„(Q) and all difference chains using Dirac chains Ak{Q) are inside Q. Using 
we know U — in S^(R"') where U = UQi is a Whitney decomposition of U. The same 



proof, which uses Cauchy sequences, shows that also converges in Bl^{U), since each partial sum is an 

element of B}-^ (U). 

(b) Let U be the open set R^ less the nonnegative x-axi^^ The series 

1) + ((n, — 1/n^); — 1) of Dirac 0-chains converges in Bq(R'^), but not in Bq{U). The idea is 
that the difference chains needed to prove convergence in Bq{R'^) are not inside U. 



There is a helpful discussion of problems encountered when trying to define chains in open sets in IWhi57l Chapter VIII where we 
found this example. However, we do not follow Whitney's lead who required chains in open sets U to have their supports contained in U. 
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Definition 6.1.4. Let Bk{U) := lin^^ Bl{U), endowed with the inductive limit topology Tk{U) , andB{U) := ®}?^Q,Bfe(C/), 



endowed with the direct sum topology. Define the linking maps u 
ical inclusions u 



Bl(U)_^ Bk{U), as in I 



2.11 



: BliU) Bl{U) where r < s, and th 



e canon- 



Define the hull subspace H^iU) C Bk{U) just as we defined 



) in Definition 2.11.l3[ except that the domain of definition is U G instead of R' 



Theorem 2.11.14 and Corollary 2.11.4 extend to open sets U <Z U' <Z IR" and have essentially the same proofs, 



replacing R" with U or U' , as appropriate. 

Theorem 6.1.5. IfT : ®l=o ®^=o ^li^) ^ ®k=o®?'=Q^kiU') is a continuous bigraded linear map with T{Bl{U)) C 
B'^{U'), and T(Hk{U)) C Hi{U'), then T factors through a continuous graded linear map T : B{U) — > B{U) with 
T — TT o T. 



6.2 Dual spaces 

Definition 6.2.1. For uj G {Ak{U))* . let \\uj\\b^^,u := sup{w(A^j (p; Q!))/|lcr|l : A^j {p; a) is inside U}. Let 
BliU) := {lo € (AkiU))* : Mb.m < 

The Banach space Bl{U) contains all differential forms B^([R"') restricted to U since the definition of the former only 
considers difference chains inside U. However, not all elements of Bl{U) extend to elements of SjJ(IR"), unless U has 
a smoothly embedded frontier. 

Examples 6.2.2. 

(a) The characteristic function xu is an element of B'',^{U) for all r > 0. 

(b) Let p £ R" and e > 0. Then dx\B,{p) e Bl{B^{p)) for all r > 0. 

(c) Let W C R"^ be the open set depicted in Figure^ It is easy to construct a differential form uj G Bo{W) which is 
identically one in the shaded region above the point x and identically zero in the shaded region below x. Clearly, 
u) is not extendable to a neighborhood ofW. 

(d) Let Q be the open unit disk in IR^. The sequence ((1 — l/ri, 0); ei A 62) converges to ((1, 0); ei A 62) in both yS^Q) 
and yB2(lR^). Now (1, 0) ^ Q, but ((1, 0); ei A 62) is still a chain ready to be acted upon by elements ui G B2{Q)- 
For example, 

XQdxdy{{l,0);ei A 62) ^ lim XQdxdy{{l - l/n,0); ei A e2) ^ l- 



(e) Let Q' be the unit disk Q in minus the closed set [0, 1] x {0}, and define 



inf{x, 1}, i/0<x<l,0<i/<l 
0, else 



This Lipschitz function ujQ G Bq{Q') is not extendable to a Lipschitz function on R^. (See Figure^for a related 
example.) 

Let Qk,r ■ ^kiU) ~^ i^kiU))* be the linear map given by a; i-> {A i-> uj{A)} for aU A G AkiU). 
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Figure 8: Distinct limit chains supported in x are separated by a form in B(){U) 



Theorem 6.2.3. Qk,r ■ ^li^) ^ i^ki^))' topological isomorphism for all r > 1,0 < k < n and U C R" open 
and smoothly embedded. Furthermore, \\Qk.r{'^)\\B-^." — ll'^lls'-'^ for all < r < oo. 

Proof Let lu E Bl{U). Then lo is extendable to w G S^(IR"). The isomorphism 6^ : S^(IR") ^- (B^([R"))' of Theorem 



2.8.2 is continuous. Then 9,.(cj)|g,-(.y^ determined by J i-^ '^{J) = ^{J) for J e Bl{U) is an element of (BKU))' , 
independent of choice of the extension ui. If 6r(w)le':(;7) ~ follows that uj{J) = for all J G B^{U). Thus a; = 0. 
Since 0^^^ = Qr('^)lei- this proves that Ok,r is injective. Surjectivity is straightforward: Given X £ (SjJ(J7))', 
define = X{A) for all A e Ak{U). It is not hard to show that HwUgr.c/ = ||X||^r,[/ by only considering difference 
chains inside A. It follows that &k,r is continuous. □ 

Definition 6.2.4. Let Bk{U) := ]^mBl,{U) endowed with the projective limit topology, making it into a Frechet space. 

Theorem 6.2.5. The topological vector space of differential k-cochains {Bk{U))' is isomorphic to the Frechet space 
of differential k- forms B}~{U). 

The proof is the same as that for Theorem |2.11.12| 

Definition 6.2.6. Suppose J G Bl{U), uj G Bl{U), and r > Q, or J G Bk{U) and uj G B^ifJ). Define fjUj := 



linii^ao ^(Ai) where Ai ^ J in the appropriate topology (see 6.2.5) 



Theorem 6.2.7. The integral pairing is separately continuous. 

6.3 Inclusions Ak{U) ^ Bl{U) 

Definition 6.3.1. Suppose U C U' C R"- , < k < n, and r > 0. Define tpl : Ak{U) ^ Ak{U') by ipl := Id. Thus 
'ipl.{p;a) — {p;oi) for all k-elements {p;a) G Ak{U). 

Lemma 6.3.2. Suppose t7 C {/' C R". If A <E Ak{U), then \\A\\gr.u- < WAWgr.u for all r>0. 

Proof. This follows since the definition of Hulls'-. [/' considers more difference chains than does that of ||A||b'-,;7- D 
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Theorem 6.3.3. The linear map ■0^ extends to a continuous linear map ip^. : B'^{U) — > B^{U') for each r > and 
< k < n satisfying {{JUb^.u' < || JUsr.t,' for all J G Bl.{U). For each k > 0, there exists a continuous linear map 
ipk ■ l3k{U) — > Bk{U') satisfying ipk ° u^, = ipl, for all r > 0. However, ip^. and ipk are not injective unless U is 
smoothly embedded in U' . 



Proof. The inequahty foUows from Lemma 6.3.2 and density of Ak{U) in Bl.{U). The extension to the inductive Hmit 
fohows since the hull condition holds: 'ipl.{Hk{U)) C Hk{U'). We can therefore apply Theorem 2.11.14 Example [l] 
shows that these maps are not generally injective. □ 

Definition 6.3.4. Define the linear map 'ipk,r ■ l3k(Ui) — > B]^{U2) of Ba nach s paces as follows: Suppose J € S^(t/i). 
Then there exist Dirac chains Ai J in the B^'^^ norm. By Lemma 6.3.2 {Ai] forms a Cauchy sequence in the 
B^'^^ norm. Let '4'k.r{J) = limi_>.oo in the B^'^^ norm. The continuous linear map tjjk,r extends to continuous 
linear maps ^k : B^{Ui) ^ B^{U2), and ^k ■ Bk{Ui) ^ Bk{U2). 



6.4 Support of a chain in an open set 
Definition 6.4.1. Suppose U C R" is open. If J £ Bl{U), let 



supp{J) := 
IfJeBkiU), let 

supp{J) := 



p (z U : for all e> 0, there exists rj G B'^{U) s.t. f rj ^ where supp(rj) C ^^e{p) 



■|p G U : for all e> 0, there exists rj G Bk{U) s.t. J rj ^ where suppijf) C 



If U is smoothly embedded in R", then the support of J G Bl{U) coincides with its support when included in ,B^(IR"). 
Proposition 6.4.2. The subset of all chains in Bl.(U) that are supported in U is a proper subspace of B],{U). 

Proof. Observe supp{0) = C U. Let J,K e Bl{U) with supp{J) U supp{K) C U. Since J + K e Bl{U), then 

Let p G supp{J + K). Suppose p G fr{U). Choose e > so small that 



6.4.1 



supp{J + K) C [/ by Definition 

rie(p) n {supp{J) U supp{K)) = 0. Then there exists rj G B'l,{U) with supp[ri) C f^e{p) such that — Jjrj +/^?/ 
Ij+K ""l ^ contradicting our assumption that p G /r( U). Thus p E U . The subspace is proper since supp{ U) — U 
by Proposition 5.0.17 Homogeneity is easier and we omit it. □ 



Theorem 6.4.3. Suppose L/ C C/' C R". The linear maps ipk,r ■ Bl{U) Bl{U') and ijjk : Bk{U) -> Bk{U') are 
injections if U is smoothly embedded in U' , or on restriction to the subspace of chains supported in U . 

Proof. Suppose J G B]l{U) satisfies ipk,r{J) = 0. It suffices to show that jjUj = for all oj G B^{U), for this will show 
J = 0. Since U is smoothly embedded, each lu extends to a differential form ry G BKU'), and hence /^^ 77 = 0. 



Let Aj 



J in Bl{U). Then tpk,riAi) — > ipk,r{J) by Lemma 



a; = lim.^oo /^^ uj = lim,_^oo /^^^^^ V = V ^ 0- 



6.3.2 



Since tpk.r is the identity on Dirac chains, 

□ 
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The maps "0 are not generally injective unless U is embedded. 

The results of sjs] carry over to B'^iU) and Bk{U). We state a few of the general versions here for reference, but 
without proof. 

Proposition 6.4.4. Let J E Bl{U). Then supp{J) — supp{u^'^ {,])) = supp{uJ^{J)) for all Q < r < s. 
Theorem 6.4.5. If J is a nonzero differential chain in U, then supp{J) is a closed, nonempty set. 

Definition 6.4.6. Let < k < n and r > 0. Let J £ Bl{U) and X C U a closed set. We say that J is accessible 

in U , if for every open set W C U containing X, there exists Ai G Ak{W) with Ai J in B1.{U). For J G Bk{U) 
the same definition holds, except that we require Ai ^ J in Bk{U). 

Theorem 6.4.7. If J is a differential chain in U and X d U is closed, then J is accessible in X if and only if 
supp{J) C X . 

Theorem 6.4.8. If J is a differential chain in an open set U, then supp{J) can be written as the intersection of all 
closed sets in which J is accessible. 

Theorem 6.4.9. Suppose X <ZU is closed and supp{Ji) C Xg for a sequence of chains Ji ^ J in B^{U),r > 0, or 
Ji ^ J in Bk(U). Then supp{J) C Xg. 

Proposition 6.4.10. Suppose J £ Bl{U), f £ Bl{U) and r > 0, or J £ Bk{U) and f £ Bo{U). Then supp{mfj) C 

supp{f) n supp{J). 

Proposition 6.4.11. If T is a continuous operator on B{U) with supp{T{A)) C supp(A) for all A £ A{U), then 
supp{T{J)) C supp{J) for all J £ B{U). 

Examples 6.4.12. 

(a) In Figure^there are two sequences of points Pi,qi converging to x in R^. We know both {pi;l) — ^ (x;!) and 
[qi] 1) — ?> {x; 1) in ,Bo(IR^). Each of the sequences {{pi', 1)} and {{qi; 1)} is Cauchy in Bq{U) since the intervals 
connecting Pi and pj , and those connecting qi and qj are subsets of U . Therefore {pi] 1) — >■ Ap and [qi, 1) — > Aq 
in Bq{U). However, the interval connecting pi and qi is not a subset of U . The chains Ap ^ Ag in Bq (U) since 
they are separated by elements of the dual Banach space Bq{U). For example, letuJi be a smooth form defined on 
U which is identically one in the lighter shaded elliptical region, and identically zero in the darker shaded region. 
Then J^^ uji = limi^oo ^^liPi] 1) = 1 and J^^ uji = limj^oo 1) = 0. Since ipoAiAp) = V'oa(^p) = {x; I), 

then the linear map ?/;o,i not injective. 



(b) If U is bounded and open, then d{U) is an element of Bn-i{U) by Proposition 5.0.15 Its support is fr{U). 
(see Proposition 5.0.18). 



6.5 Pushforward and change of variables 

Definition 6.5.1. Suppose [/ C R" and U' C R™ are open, and F : U ^ U' is a differentiate map. For p £ U, 
and 1 < k < n, define linear pushforward Fp^,{vi A • • • A Vk) ■— DFp{vi) A • • • A DFp{vk) where DFp is the total 

derivative of F at p. For k = 0, set Fp^{ni) := m. Define pushforward F.^,[p^,a) := {F{p), Fp^,a) for all simple 
k-elements (p; a) and extend to a linear map F^, : Ak{U) — Ak{U'). 
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'Bi(Q') 'Bi(FQ') 

Figure 9: A smooth map F that is not extendable to a neighborhood of Q', and nevertheless determines a well-defined 
pushforward map : Bi{Q') ->■ Bi{F{Q')) 



The classical definition of puUback F* satisfies the relation F*uj{p; a) = uj{F{p); F^,a) = ojF^, {p; a) for all differentiable 
maps F : U —i' U' , exterior forms lj G {Ak{U'))* , and simple fc-elements (p; a) with p E U. 

Definition 6.5.2. For r > 1, let Ai'^(U, R™) be the vector space of differentiable maps F : U ^ R™ whose coor- 
dinate functions F^.{p) :— {F{p),ei) have directional derivatives in Bq~^{U). Let A^°°([/, R™) be the vector space 
of differentiable maps F : U R™ whose coordinate functions Ff^.{p) :— {F{p),ei) have directional derivatives in 
Bl-\U) for allr>l. 

For example, the identity map a; i— ^ x is an element of A^''(/7, R). Similarly, M'^{U, R) includes the coordinate maps 
X 1-^ Xi and Bq{U) does not, since coordinate maps are not bounded. A 0-form /o € Bq{U) trivially determines a 
map f{x) := fo{x; 1) in M^{U, R). Thus the space Bq{U) is a proper subset of M^{U, R), and the norm on Bq{U) 
does not extend to Ai^{U,R). 

Definition 6.5.3. For 1 < r < oo, define a seminorm on M'^{U, R"*) by 

Pr{F) := max{||Le,^'eJ|B'-i,L'}- 



Endow R™) with the topology /ij) induced by this seminorm. That is, /ij) is the coarsest topology on 

M^{U, R"*) such that each map F pr{F~-Fo) where Fq G M^{U, R™) is continuous. (This is similar to the compact- 
open topology, but this way we can avoid polynomial mappings beyond the identity.) A base of neighborhoods of 
Fq e Ai^{U, R™) for this topology is obtained in the following way: for every e > 0, let 

UrAFo) ^{Fe M^iU, R") : - ^^o) < e}. 

That the vector space operations are continuous in this topology follows from the definition of a seminorm. The 
resulting topological vector space is locally convex because each Ur,e{0) is absolutely convex and absorbent. Similarly, 
create a base of neighborhoods of Fq £ M°°{U, R™) by using Ur,e{Fo) for every r > 1 and every e > 0. 

Lemma 6.5.4. If F e M''{U, U'), 0<k<n, andl<r <oo, then 

^^f^lf**^"'" < n2'-max{l,p,(F)} 

\M\ b'-'j' 
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for allcje Bl{U'). 

Proof. For fc = 0, the proof follows using the product and chain rules. The general result follows by using coordinates. 
(The actual constant n2^ which we obtained is not important, only that it is finite.) □ 

Let M.^{U, U') C M'^{U., R™) be the subset of maps whose codomains are open sets U' C R™. 
Theorem 6.5.5. If F <E M''{U,U'), < k < n, and I < r < oo, then 

\\F^A\\Br.u < nT m£ix{l, pr{F)}\\A\\Br,u . (6.1) 

for allAe Ak{U). 

Suppose J € Bl{U). Then J = limi^oo Ai for some Ai e Ak{U). Since {Ai}i is a Cauchy sequence, so is {F^Ai}i 
by Theorem 6.5.5| Define J := limi^oo F^,A.i. 

Theorem 6.5.6. Let F e M'''{U,U'), < k < n, and r > 1. The linear maps F^ : Ak{U) ^ Ak{U') extend to 
continuous linear maps F^ : B]^{U) — !■ Bl.{U') with 

||F,J||B.,r. < 7i2^max{l,p,(^^)}|lJ|ls,-.^. 

Furthermore, for each < k < n, there exists a unique continuous operator F.^, : Bk{U) — ?■ Bk(U') which restricts to 
Fk* on each uKBKU)) . 



Proof Let J e Bl{U). By Theorem (2.1) and Lemma 
\\F,J\\b^= sup 



6.5.4 



< sup **^| ^jj^"" \\J\\B,:uk < Cm&x{l,pr(F)}\\J\\B-.u. 



If F{U) <Z U' <Z R", then F^{Hk{U)) C Hk{U'), so we may apply Theorem [6X5] to uniquely extend the Fk* to 
F,:Bk{U)^Bk{U'). □ 

Example 6.5.7. Suppose M is a smoothly embedded surface in . Let F : M ^ S"^ he the Gauss map. Then F is 
as smooth as M and extends to a smooth map in a neighborhood U of M . Then F : U ^ U' where U' is an open 
neighborhood of in R^. The shape operator is given by F^u where u G TM. Thus the shape operator is the 
pushforward operator F^, given by the Gauss map F . 

It is straightforward to see that if F G M^iUi, U2), G £ M''{U2, C/3), then o = (G o F)*. 
Corollary 6.5.8 (Change of variables). Suppose F e M^{U, U') and < k < n. Then 

uj^ f F*uj (6.2) 

F, .J J J 

for all matching pairs J € B^{U), u G B^{U'), and 1 < r < 00. 
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Proof. This follows from Theorems |6.5.6| and |2.8.l| 



□ 



Compare jLax99j |Lax01j which is widely considered to be the natural change of variables for multivariables. The 
differential forms version of change of variables holds for diffeomorphisms F and domains of bounded open sets. 
Our result presents a coordinate free version in arbitrary dimension and codimcnsion 

Proposition 6.5.9. If F £ A4^{U,U'), where F is a closed map, then supp{F^J) C F{supp(J)) C U' for all 
J G Bk{U) supported in U, and supp{F^,J) C F{suppJ) C U' for all J G Bk(U). 

Proof. Suppose supp{J) C U . We show that J is accessible in the closed set F{supp{J)). Let iV be a neighborhood 
of F{supp{,J)) in U' . Then F~^N C J7 is a neighborhood of supp{J). Since J is accessible in supp{J), by definition 
of support, there exists Ai — J where Ai G Ak{U) is supported in F^^N. Therefore F^{Ai) — > F^J and F^{Ai) G 
Ak{U') is supported in N, showing that F^J is accessible in F{supp{J)). Hence supp{F^J) C F{supp{J)). □ 

6.6 Multiplication by a function in an open set 

The next results are straightforward extensions of Theorem |4.1.4| and Theorem |4.1.6| 

Given /:[/—> R where f C R" is open, define the linear map to/ : Ak{U) Ak{U) by mf{p;a) := f{p){p;a) 
where (p; a) is an arbitrary fc-element with p € U. 

Theorem 6.6.1. Let U be open in R" , < k < n, and r > 0. The bilinear map m — : Bq{U) x AkiU) Ak{U) 
extends to a separately continuous bilinear map m — m^, : Bq{U) x B^{U) — > B'^{U) with 

||m(/,J)|lB..L. <n2'-||/||B..HI^IIi3-- ior allJ E Bl(U). 

Furthermore, for each < k < n, there exists a separately continuous bilinear map m — : Bo{U) xBk{U) — > Bk{U) 
which restricts to on each Bq{U) x u^(SJJ(C/)). 

Theorem 6.6.2 (Change of density in open sets). Let U be open in R" and < k < n. The space of differential 
chains B{U) is a graded module over the ring Bq{U) satisfying 

I f f-io (6.3) 

JnifJ Jj 

for all matching pairs J G Bl.{U), uj G Bl.{U), and < r < oo. 

We remark that a 0-form /o G Bq{U) trivially determines a map f{x) := fo{x;l) in A4^{U,R), a multiplication 
operator mf{p;a) := {p;f{p)a) in the ring Bq{U), and a linear map (pushforward) /* : B'q{U) — > ^^(IR)) with 
f*{p;a) = {f{p)\f*a). 

Whitney defined the pushforward operator F» on polyhedral chains and extended it to sharp chains in 'Whi57| . He proved a change 
of variables formula ( |6.2| for Lipschitz forms. However, the important relation F^d = dF^ does not hold for sharp chains since d is not 
defined for the sharp norm. (See Corollary [8X2] below. ) The flat norm of Whitney does have a continuous boundary operator, but flat 
forms are highly unstable. The following example modifies an example of Whitney found on p. 270 of |Whi57) which he used to show 
that components of flat forms may not be flat. But the same example shows that the flat norm has other problems. The author includes 
mention of these problems of the flat norm since they are not widely known, and she has seen more than one person devote years trying 
to develop calculus on fractals using the flat norm. Whitney's great contributions to analysis and topology are not in question, and his 

' where t > 

0, X + y > 

and M £ is nonzero. Then ujq is flat, but uJt is not flat for any t > 0. In particular, setting t = 2,u = —62, we see that *u)() is not flat. 
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6.7 The boundary operator and Stokes' Theorem in open sets 

Theorem 6.7.1. The linear map d : Bl{U) Bl+\{U) IS continuous with < kn\\J\\B- for all J e Bl{U). 

It therefore extends to a continuous operator d : B{U) — > B{U) and restricts to the chainlet complex ChK U). 

Proof It suffices to prove this for A e Ak{U). But A e A(IR"), and thus ||(9A||b-+i < kn\\A\\Br- by Theorem 

Theorem 6.7.2 (Stokes' theorem m open sets). Let < fc < n — 1. Then 

dio 



JdJ J.I 



for all matching pairs J G Bl.^\{U), uj G B'^{U), and 1 < r < 00. 



Proof. Let J £ B]^j^^{U) and oj G B^{U). Then J = hmi_>.oo Ai where Ai G Ak{U). Since Ai G AkiU), we may apply 



Theorem 



3.5.4 



to conclude that w 



: /^^ duj. Now oj G Bl{U) imphes duj G Bl~l{U). By Theorem 



6.7.1 



Ld — lim / cj = lim j du! 



duj. 



□ 



Theorem 6.7.3. If U is a bounded and open subset ofR", then 

(a) U G BUU); 

(b) dUeBl_,{U); 

(c) lu^^Iu'^f"'^ allweBiiU). 

Proof. Part (a) was established in Example [l] 

(b): To show dQ G B'^i_i{Q), it suffices to show that d{p; a) G Bf^_2{Q) for all p G Q since dQ = limi_s.oo dAi where 
Ai G An{Q). But this holds since difference chains inside Q can be used to approximate d{p; a). 



(c): Using Whitney decomposition U — U^^Qi of Theorem 2.9.4 we have Jfji^ — HmAr^oo J2i=i Jcf ^ — liniA'-*oo Iq ' 
JjjUi for all Lu G Bl^{U). The last integral is the Riemann integral. 

□ 

Proposition 6.7.4. Suppose F G U'). Then F^d ^ dF^ : Bl{U) Blt\{U'). 

Proof. This follows directly from the dual result on differential forms F*d ~ F*d. A direct calculation is possible, 
but takes longer. □ 
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Example 6.7.5. Let Q' he the open unit disk Q in R^, less the interval [0, 1] x {0}. It follows that Q' = Q £ B\{¥?) 
since evaluations by n-forms in ;B„(IR^) are the same over Q' and Q. But Q'q> G BHQ') and is simply not the same 

chain as Q' . Not only are these chains in different topological vector spaces, but their boundaries are qualitatively 
different. Let G B\{Q') he the 1-chain representing the interval [0, 1] x {0} found by approximating [0, 1] x {0} 
with intervals [0, 1] x {l/n}nQ. Similarly, let i_ G B\{Q') he the 1-chain representing the interval [0, 1] x {0} found 
by approximating [0, 1] x {0} with intervals [0, 1] x { — Recall ojq as defined in Example^ Then uS^dx G B\{Q'), 
h+ ^odx = lim^^oo I[o.i]^/n} ^^'^^ " ^ "'^'^ ^odx = lim„^oo /[o_i]^„} ^odx = 0. It follows that L+ - L_ ^ 
and thus d{Q' q,) = — L_ + S^qi ^ S^q' while dQ' ~ (see Figure\M. 

Proposition 6.7.6. If F £ Ai^ {U,U' ) is a diffeomorphism onto its image, and a is an affine k-cell in U, then 
FsfCT ~ Fa, supp{F^,'s) — Fa, and supp{dF^,a) = Ffr{a). 



2.9.4 



and 



Proof. Since _F is a diffeomorphism, J F*ijj — uj from tlie Cartan tlieory. Therefore, by Theorem 



6.8 The perpendicular complement operator in open sets 

Theorem 6.8.1 (Star theorem in open sets). Let < k < n. The linear map _L: Ak{U) — > An~k{U) determined hy 
(p; a) I— > (p; J- a), for simple k-elements {p;a), satisfies 

for all A G Ak{U) and r > 0. It therefore extends to a continuous linear map _L: B'^^{U) — > B^_j^{U) for each 
< k < n,r > 0, and to a continuous graded operator _Lg C{B) satisfying 



_L,/ J .J 



for all matching pairs J G Bl{U), cu G S^j_j,(?7), and < r < 



Proof This follows from Theorem 3.6.3 since AkiU) C y^fc(lR"). □ 



6.9 Gauss-Green, and Kelvin-Stokes' Theorems in open sets 
Corollary 6.9.1 (Gauss-Green theorem in open sets). Let 1 < k < n. Then 




for all matching pairs J G Bl^_\^-^^{U), uj G Bl.{U), and 1 < r < oo. 

It is worth considering continuity questions for this new version of the divergence theorem for open sets. For example, 
recall be the open set W in Figure [s] suppose {Wi} is a sequence of open sets with smoothly embedded boundaries 
converging to W in the HausdorfF metric. Picture two lobes in Wi drawing closer together, and finally touching at 
their boundaries in the limit set W, as in the figure. Let uji G B^Wi) be a differential form which is identically 
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equal to a smooth differential form rjN in the top lobe, and another differential form 775 in the bottom lobe. We are 
used to seeing flux canceling in the limit if r/^v a-nd 7/5 extend to a smooth form for each i. But it is possible that 
Wi — )• w G Bl.{W) and uj does not extend to a continuous form in S^(1R"). For example, ojn = —y'^dx/2 + x^dy /2 and 
u!s — y'^dx/2 — x^dy/2. Then dojAr — {x + y)dxdy and dtos ~ —{x + y)dxdy. So the net flux across the respective 
boundaries have opposite signs. In one lobe, the flux is outward flowing, and in the other, it is inward flowing. When 
we draw them together the flow moves from one lobe into the other and the velocity has an instantaneous change in 
direction and velocity as the flow crosses the frontier. 

Corollary 6.9.2 (Kelvin- Stokes' theorem in open sets). Let < fc < n — 1. Then 




for all matching pairs J G B^^J\._^{U) , uj G B'^{U), and 1 <r < 00. 



7 Algebraic chains, submanifolds, soap films and fractals 
7.1 Algebraic chains 

An algebraic k-cell in an open set U' C R" is a differential fc-chain F^^Q where Q is an affine k-ce\\ contained in 
[/ C R" and the map F : t/ — ?> C/' is an element of M^{U, U'). We say that F^,Q is non-degenerate if F : Q — > [/' is 
a diffeomorphism onto its image. An algebraic k-chain A in U' is a finite sum of algebraic fc-cells A — X^iLi o-iFi*Qi 
where ai G R, although it is often natural to assume G Z for an "integral" theory. According to Proposition |6. 5 . 9] 
it follows that supp{A) C U' . Algebraic fc-chains offer us relatively simple ways to represent familiar mathematical 
"objects" (see the figures below), and all of our integral theorems hold form the. For example, the change of variables 



equation for algebraic chains (see Corollary 6.5.81 takes the form 



N 



F*UJ. 



The integral on the right hand side is the Riemann integral for which there are classical methods of evaluation. 

Singular cells are quite different from algebraic cells. A singular cell is defined to be a map of a closed cell G : Q U 
and G might only be continuous. For example, let G : [— 1, 1] — > R be given by G(x) = a; if a; > and G{x) = —x if 
X < 0. This singular cell is nonzero, but the algebraic cell G*([0, 1]) =0. This problem of singular cells vanishes in 
homology, but the algebra inherent in algebraic chains is present before passing to homology. 



7.1.1 Submanifolds of R" 

We next show that smooth /c-submanifolds in an open subset C/ C R" are represented by algebraic fc-chains. 

Two non-degenerate algebraic fc-cells Fi^,Qi and F2*Q2 are non- overlapping if 

supp(Fi*(gi) n supp(F2*Q2) C supp(9Fi*(3i) U supp(c'F2*(32) 

That is, Fi{Qi) and F2{Q2) intersect at most within their boundaries if they are non-overlapping. An algebraic chain 
A — 'Yli^i*Qi is non-overlapping if each pair in the set {-F^+Qi} is non-overlapping. We say that algebraic A;-chains 
A and A' are equivalent and write A ^ A' ii A = A' iis differential fc-chains. 
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A fc-chain J E B^{U) represents a fc-submanifold M of class C^-^+^w m U ii fj oj = Jj^j oj for all forms oj G B'^{U). 
If there exists a fc-chain J representing A/, then it is unique. Even though two algebraic chains A and A' may have 
different summands, they are still identical as chains if they both represent M . 

Theorem 7.1.1. Smoothly embedded compact k-suhmanijolds M of U of class (j^-i+Lip one-to-one corre- 

spondence with equivalence classes of algebraic k-chains A G B^{U) satisfying the following two properties: 

(a) For each p G supp{A) there exists a non-overlapping algebraic k-chain Ap — 'Y^^=iCiiFi),Qi with Ap ^ A, 
p ^ \JiSupp(dFi^Qi), and each Fi^, is nondegenerate. 

(b) dA — {0} for any A representing \A\. 

Furthermore, the correspondence is natural. That is, A corresponds to M if and only if A represents M. 

Proof. Let M be a smoothly embedded compact fc-submanifold of class (^'-i+^v. Cover AI with finitely many 
locally embedded charts diffeomorphic. The embeddings are of class by Proposition |2.5.4"1 Let p G M. Choose 
the cover C so that p docs not meet any of the chart boundaries. Then M has a smooth triangulation with each 
closed simplex contained in an element of C. This can be easily proved by starting with any triangulation T of M, 
and then finding a subdivision T' such that the covering by by closed simplices of T' refines the covering by the 
intersections with M of elements of C. We have M — Uii^i(CT*) where ai is afHne and Fi is a map of class -B''. 

Then A — ^Fj^cr* is a non-overlapping algebraic fc-chain. We show that A represents M. Suppose u G B^{U). 
Choose simplicial neighborhoods of cr* such that Fi extends to an embedding of and M = UiFi{Ti). Choose a 
partition of unity {(pi} subordinate to {FiTi}. Using Theorem 2.9.4 Corollary 6.5.8 Corollary 6.6.2[ and Corollary 
14.2.21 we deduce 

M •> FiTi JTi JTi 



I Fi.Ti Jm^.Fi,fi JFi,a' JA 

This shows that A satisfies condition (a) and represents M. Assuming M has no boundary, it follows that dA — 0. 

Conversely, let A — J2i-Fi*Qi be a non-overlapping algebraic fc-chain satisfying (a) and (b). We show that M = 
supp{A) is a smoothly embedded compact fc-submanifold. For each p G M we may choose a non-overlapping 

representative Ap — J2C!i*Q'i of the equivalence class [A] such that p ^ supp{dGi^Q'i) for any i by (a). Then 
there exists Qi^ such that p G Gi^{Qi^). We show that {Qi^} determines an atlas of M: If a; G Qi^ n Qi^, then 
Qi^ n Qi n Qi is smoothly embedded. It follows that the overlap maps are of class B"^ since all of the embeddings 



are of class B"^ . Therefore, by Proposition 2.5.4 M is a smoothly embedded submanifold of U of class C" □ 



If we replace condition (b) with dA is nonzero and represents a smooth (fc — l)-submanifold with smooth boundary, 
then A represents a fc-submanifold with smooth boundary. HA = Aj, and each Aj represents an embedded 
submanifold with smooth boundary, then A represents a piecewise smooth immersed submanifold. 

Examples 7.1.2. 

• The differential chain representative of an oriented 2-sphere in can be written as the sum of representatives 
of any two hemispheres, for example, or as the sum of representatives of puzzle pieces as seen in wikipedia 's 
symbol. 
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• In classical topology a torus can be obtained by gluing a cylinder to the sphere with two small disks removed. 
Instead, we subtract representatives of the small disks from a representative of the sphere, and add a representa- 
tive of the cylinder to get a representative of the torus. Similarly, any orientable surface may be represented by 
a chain by adding representatives of "handles" to a sphere representative. As with the Cantor set or Sierpinski 
triangle below, algebraic sums and pushforward can replace cutting and pasting. 

• The quadrifolium and Boys surface can be represented by algebraic chains. 





Figure 10 



Whitney stratified sets can be represented by algebraic chains since stratified sets can be triangulated lGor78^ 
(see Figure 11). 




Figure 11: Whitney umbrella 



7.1.2 Representatives of fractals 

The interior of the Sierpinski triangle T can be represented by a 2-chain T = liinfc_i.oo (4/3) ^ Skj in the norm 
where the 5^. are oriented simplices filling up the interior of T in the standard construct iorp^ The support of its 
boundary dT is T. We may integrate smooth forms and apply the integral theorems to calculate flux, etc. Other 
applications to fractals may be found in |Har99[ IHar98j . 

We revisit the middle third Cantor set F C /, the unit interval from §2.10.1| Recall the chain representatives of 
approximating open sets obtained by removing middle thirds forms a Cauchy sequence in B\{I). These are algebraic 
1-chains. The limit F is a differential 1-chain that represents F. Its boundary dV is well-defined and is supported in 



^If we had started with polyhedral chains instead of Dirac chains, convergence would be in the B^^ norm. 
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Figure 12: Sierpinski triangle 



the classical middle third Cantor set. We may therefore integrate differential forms over T and state the fundamental 
theorem of calculus where F is a domain and / £ 




8 Vector fields and the primitive operators in open sets 

8.1 The space V^U) of vector fields 

Let U be open in R" and V : t/ — ?> R" a vector field on U. Recall is the differential 1-form associated to V by 
way of the inner producip^ The Banach space of vector fields V with ||y^||_B>- < oo is denoted V(C/). The norms 
are increasing with r. It follows that the projective limit V{U) = V°°{U) := ^im ^(C/), endowed with the projective 
limit topology, is a Frechet space. 

Lemma 8.1.1. Let U C R" be open and V : U R" a vector field. Then V G V^{U) if and only if each coordinate 
function /j satisfies ||/i||B>-,i7 < Ht^^H^r.u for all < r < oo. 

Proof. The proof is immediate from the definitions. □ 

We next extend the primitive operators to Ey, Ey, and Py where V £ V'^{U),r > 1 and U is an open subset of R", 
as well as multiplication by a function ruf. However, we found it advantageous to work first with constant vector 
fields to define the boundary operator and establish its basic properties. 

8.2 Extrusion 

Definition 8.2.1. Define the bilinear map 

E:V^{U)xAk{U)^Ak+i{U) 

{V,ip;a))^ ip;Vip) Aa). 

Let Ev{p;a) := E{V,{p]a)). 

■^^The choice of inner product on R" lias no significant influence on the theory. The spaces are independent of the choice, as the norms 
are comparable. 
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It follows that iycj(p; a) = ujEv{p', a) where iy is classical interior product. 

Theorem 8.2.2. Let < fc < n - 1 and r>l. The bilinear map E = El : ^{11) x Ak{U) Ak+i{U) extends to 
a separately continuous bilinear map E — EJl : V^{U) x Bl{U) — > SJ!_|_j^(C/) with 

\\E{V, J)\\Br.u < n^2-\\V'\\Br^u\\J\\B..u for all J E Bl{U). 

Furthermore, for each Q < k < n — 1, there exists a separately continuous bilinear map E = Ek '■ V°°{U) x Bk{U) 
BkiU) which restricts to El on each vl{V{U)) x ul{Bl{U)). 



Proof. We establish the inequality. Since V £ V^{U) we know V = J2 fi^i where fi S Bq{U). Lemma 4.1.3 readily 
extends to fi € Bq{U), and thus Ey = J27=i Efta = J27=i "^/i^e;- 

By Theorem 6.6.1 ||m/.A||5r,!7 < ri2'"||/i||5r,Lr||A||^r,i7. Therefore, using Corollary |3.1.5| and Lemma 



.1.1 



i—1 i—1 i—1 

<n^2^\\V'\\B^.u\\A\\B..u. 

Define EyiJ) := lim,^^ Ev{Ai) for J e 6(C/). It follows that \\E{V, J)\\Br.u < n'^r\\V^\\Br.u\\J\\B^.u. 

For the last assertion, first fix F e V°°{U). Since Ev{Hk{U) C Hk+i{U)), we can apply Theorem [6.1.5 to extend 



Ev : BliU) Sfe+i(C/) to a continuous linear map Ey : Bk{U) Bk+i{U). Define E : V°^{U) x Bk{U) BkiU) 
by E{V, J) := Eyi-J)- This is well-defined since V € V°°(t/) implies V £ ViU). Last of aU, we estabhsh continuity 
in the first variable: Suppose J G Bk{U). Then there exists r > and E Bl{U) such that ul{J^) — J. Suppose 
Vi —?' in V°°{U). Since the inclusion V°°{U) V''^^{U) is the identity map and continuous, then — > in V^{U). 
Now use the fact that El : V^'^^{U) x Bl{U) Bl^-^^{U) is continuous in the first variable. 

□ 

The next result establishes duality of extrusion Ey with the classical interior product of differential forms iy. 
Theorem 8.2.3 (Change of dimension I). Let < k < n — 1. Then 

UJ = h iyU! (8.1) 
EvJ Jj 

for all matching triples V E ViU), J E Bl{U), lj E Bl^;f^{U), and 1 < r < oo. 

Proof. Since uj{Ey{p; a)) — iyLL){p; a)) the integral relation holds for Dirac chains, and thus for all matching pairs of 
chains and forms by separate continuity of the integral pairing. □ 

8.3 Retraction 

Definition 8.3.1. Define the bilinear map 

E^ ■.V^{U)xAk+i{U)^Ak{U) 

fe+i 

(p; wi A • • ■ Avk+i) ^ '^i-ly+\V{p),v^){p■, vi A ■ ■ ■ AVi A ■ ■ ■ A ffc+i)- 

i=l 



53 



Let i?y(p;Q;) :— {V, {p;a)), or, in our more compact notation, 



k+1 



Elip; a) = J2i-iy+'{Vip), v,){p; a,). 



1=1 

Lemma 8.3.2. If v e R" and f £ 65(C/),r > 1, then e]^ = mjEl. 
Proof. This follows directly from the definitions: 

k+l k+l 

Ej^a) = ^(-ir+i(/(p>,«,)(p;<?,) = /(p)^(-ir+i(«,«,)(p;cf,) = mfElip;a). 

i=l 2=1 

□ 

Theorem 8.3.3. Let 1 < k < n and r > 1. The bilinear map determined by 

E^ = {E^)l : V\U) X BUU) ^ Bl_,{R"m 
{V,J)^El{J) 

is well-defined and separately continuous with \\E^ {V, J)\\Br,u < k(^'^\\V^\\Br,u\\J\\Br.u. Furthermore, for each 1 < 
k < n, there exists a continuous bilinear map E^ — Ej, : V°°{U) x Bk{U) — !■ Bk-i{U) which restricts to (E^)"^ on 
each uliBliU)). 



The proof is similar to that of Theorem 3.2.2 and uses Ey{Hk{U) C Hk{U)). 

Lemma 8.3.4. LetVeViU) be a vector field. ThenV^A{-) : Bl{U) Bl_^_^{U) is continuous and {V^ A Lo){p; a) = 
ujEI{p; a). 

Proof If y e V'iU), then Aive i5fc+i(C/) for all uj G BKU) and G B{{U). Finally, 

fc 

u;4(p;a) = {v' A Lo){p;a) (8.2) 

i=l 

by the standard formula of wedge product of forms (see |Fed69] §1.4, for example.) □ 
Theorem 8.3.5 (Change of dimension II). Let 1 < k < n. Then 

uj^ [ Aio (8.3) 

B^J J J 

for all matching triples V eViU), J e Bl{U), uj e S]:_i(C/), and 1 < r < oo. 
The proof is similar to that of Corollary |3.2.5[ 
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8.4 Prederivative 

Prederivative gives us a way to "geometrically differentiate" a differential chain in the infinitesimal directions deter- 
mined by a vector field, even when the support of the differential chain is highly nonsmooth, and without reference 
to any functions or differential forms. 

Definition 8.4.1. Define the bilinear map P : V+^U) x Bl{U) -> Bl+^{U) by P{V,J) = Py(J) dEviJ) + 
Evd{J). 

Since both Ey and d are continuous, then Py is continuous. 



Figure 13: Prederivative of the sphere with respect to the radial vector field 

Its dual operator Ly is the classically defined Lie derivative since the relation Ly — iyd + diy uniquely determines 
it. 

Tiieorem 8.4.2. Let < k < n and r > 1. The bilinear map determined by 

P = P[:V^+\U)xBliU)^Bl+\U) 

{V,J)^Py{J) 

is well-defined and separately continuous with \\P{V, J)\\gr+i,u < 2kn^2^\\V^\\gr+iM\\J\\gr.u. Furthermore, for each 
< k < n, there exists a separately continuous bilinear map P ~ Pk : V°°{U) x Bk{U) — > Bk{U) which restricts to 
PI on each ul{Bl{U)). 

Proof. By Definition [SXT] and Theorems [SXlJ and [8^2] 

||PvJ||b.+i,l. < \\dEvJ\\B^+i,u + \\EydJ\\B^+i.u < kn\\EyJ\\B^.u + n'^2'-\\V^\\B^+i.u\\dJ\\Br-+i.u 

< kn'^2'-\\V^\\Br.u\\J\\B^.u + k{n- l)n^r\\V^\\B^+i.u\\J\\Br.u 

< 2kn^2''\\V^\\Br^+i.u\\J\\Br.u. 

For the last assertion, we first establish continuity of P in the first variable: Suppose J E Bk{U). Then there exists 
r > and J'' G Bl{U) such that <(J'') = J. Suppose in V°^{U). Since the inclusion V°°(C/) V+^U) 

is the identity map and continuous, then T^i — > in V^'^^{U). Now use the fact that P[ : V^^^iU) x Bl{U ) 



6.1.5 



smce 



(/7) is continuous in the first variable. Continuity in the second variable of P follows from Theorem 

Py{Hk{U) C HkiU)). □ 
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Theorem 8.4.3 (Change of order). Let < k < n. Then 

I uj^ I Lvuj (8.4) 

for all matching triples V G V'+^iU), J £ Bl{U), uj G Bl+^{U), andl <r <oo. 

Theorem 8.4.4. If V £ V^^^{U) is a vector field and J £ B^{U) has compact support supp{ J) C U , then 

PyJ = lim(0t* - Id)/t{J) 

where (j)t is the time-t map of the flow of V . 

Proof. Since supp(J) C U there exists an open set supp(J) <Z U' <Z U . Since supp(J) is compact, there exists to > 
such that (j)t{p) is defined for all < t < to and p £ supp{J). If w e S^+^(f7), then Lyu = hmt_j.o(((/'( — Id)/t{uj)) £ 
Bl(U). Let Ft^(t)t- Id. Then \\Lvlo - F*{uj)\\Br.u ^ as i ^ 0. 

There exists 77 £ 6^+^(C/) with \\ri\\Br+i.u = 1 and \\{Ft* - Py)J\\B^+i^u = J(^p^^_p^)jV = llji^t - Ly)v\ < 
\\J\\B-."'\\iPt - Lv)'n\\Br,u' ^- as t ^ 0. Hence PyJ = limt^oFuJ = hmt^o(0t* - Id^){J/t). □ 

The next result follows directly from the definitions. 

Theorem 8.4.5 (Commutation Relations). IfVi,V2 £ ViU), then [Py, , Py^] ^ P^y^y^], {eI^,eI^} = {Ey,,Ey^} = 

0, {Ey,,El} = {V,{p),V2ip))I, [£;J.^,PvJ-i?fy^,y,p and [Ey,,Py,] ^ Eyy^,y^y 

Let C{B{U)) be the algebra of operators on B{U). This includes {m/, i^* , 9, _L}, as well as Ey,Ey,Py, for vector 
fields V £ V'^{U). These operators and their corresponding integral theorems extend immediately to B{U). We 
obtain the algebra of operators C{B{U)). 

8.4.1 Dipole chains 

Pr,a is a dipole k-cell, and ^ Ft,iPy.Si is a dipole algebraic k-chain, or, more simply, a dipole k-chain. This idea may 
be extended to define fc-cells of order r, but we do not do so here. Dipole fc-chains are useful for representing soap 
films, Moebius strips, and soap bubbles. (See |Har04aj and |Harl2d| for more details). 

8.5 Naturality of the operators 

Theorem 8.5.1 (Naturality of the operators). Suppose V £ ^(C/) is a vector field and F £ M^{U,U') is a map. 
Then 

(a) F^nifoF = rufF^ for all f £ Bq{U') for 1 < r < 00. 
If F is a diffeomorphism onto its image, then 

(h) F^Ey — EpyF^; 

(c) F^,Ey — EpyF^, if F preserves the metric; 
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(d) F,Pv - PfvF,. 

Proof, (a): F*to/of(p; a) — {F[p)] f{F{p))F*o) — mfF^{p;a). (b): is omitted since it is much like (c). (c): Since 

{F^V,F.^,Vi) {V,Vi) we have 

k k 

F44((p;a))) = 5](-lr+l(y,^;,)(F(p);F,aO-^(-lr+l(F,y,F,^;,)(F(p);F,d.) 

i=l i=l 

= Ely{F{p);F,a) 
= EyyF,{p-a) 

(d): Observe that if Vt is the flow of V, then FVtP-^ is the flow of FV . It foUows that 

F,P,{p;a) = F, \im{Vt{p)-Vua/t) - [p-a/t) = yiuY{F{Vt{p))] F,Vua/t) - {F[p)-F,a/t) 

= \im{{FVtF-^)F{p);F,a/t) - {F{p); F,a/t) 

^PFv{F{p);F,a) 
= PfvF*{p; a). 



Corollary 8.5.2. [F.,,d] = for maps F G M''[U, U') and r > 1. 



□ 



Proof. This foUows from Theorem 8.5.1 and the definition of d. □ 



Our results regarding the operators mj e £(S(IR")) extend to similar results for mj G C{B{U)). 
8.5.1 Representatives of vector fields 

We say that a fc-chain X e Bl{U), r > 1 represents a fc- vector field X :[/—>■ A^. if 

/ a;= /" uj{X{p))dV 
Jx Ju 

for aU Lj e BliU). 

Theorem 8.5.3. If X Cz V''(C/) is a k-vector field where U is a bounded and open set for r > 1, then there exists a 
differential k-chain X e Bl.{U) which represents X. 



Proof. Let U S Bl^{U) the n-chain representing U (see ^2.10.3). Given a G Ak then Ea -L U E Bl{U) represents the 
constant fc-vector field {p; a) defined over U since for all uj e Bl{U), we have 

/ Lo = f iaUj = / -kiaUj = / -ki^uj = / uj{p;a)dV 
JEo^i^u J±u Ju Ju Ju 

using Corollaries |3.1.5[ |3.6.3[ Theorem |2.9.4[ and the definition of interior product. Since the norms decrease, it 
follows that Ea -L U £ B^{U) also represents the constant fc- vector field {p; a), but using test forms in B^{U). 
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Now suppose X{p) = J^iiPi .fi{p)'^i) is a /c-vector field in U where // G Bq{U). Then X — J2i''^fi^ai -LUG Bl{U) 
represents X since 



/ = f ^fi^= //^(P; ai)dV. 



Therefore, 

f io^ [ {y2fjUj){p;ai)dV^ [ u;{y2{p;fj{p)aj))dV= [ u{X{p))dV. 
Jx Ju J Ju T Ju 



For fc = 0, we have found a 0-chain / representing a function / e Bq{U). That is, 

f 9^ [ f-gdV^ [ fA*g 
Jf Ju Ju 

for all g E Bq{U). As an example of this construction, we have the following corollary: 

Corollary 8.5.4. Suppose f : U ^ R is a Lipschitz function where U is bounded and open in R". Then 



for alluje Bl{U) 



□ 



U! — ~ df A-kU! 
±d±f Ju 



Proof. Let lj E BI{U). By Theorem 3.6.3 and Stokes' Theorem 3.5.4 we have Jj^gj^j^ — Jj-^d-ku! — jjj f A d-k uj = 
- Jjjdf A -kuj. □ 

In closing, we remark that the definitions and results of this section readily extend to fc-vector fields. 

9 Cartesian wedge product 
9.1 Definition of x 

Suppose Ui C R" and U2 C R™ are open and contain the respective origins. Let ti : Ui Ui x U2 and t2 : C/2 — > 
Ui X U2 be the inclusions — (p, 0) and L2[q) — (0,q)- Let tti : Ui ® U2 Ui and 7^2 ■ Ui ® U2 ~^ U2 be the 

projections TTi{pi,P2) ^ Pt, i ^ 1,2. Let (p; a) E A-(t^i) and {q; (3) E Ai{U2)- 

Definition 9.1.1. Define x : Ak{Ui) x At{U2) — > Ak+i{Ui x U2) by x ((p; a), (9; /3)) := ((p, g); ti*a A t2,/3) where 
(p; a) and (5; /3) are k- and l-elements, respectively, and extend bilinearly. 

We call PxQ = x{P,Q) the Cartesian wedge prodwcQ of P and Q. Cartesian wedge product of Dirac chains is 
associative since wedge product is associative, but it is not graded commutative since Cartesian product is not graded 
commutative. We next show that Cartesian wedge product is continuous. 



^^By the universal property of tensor product, X factors through a continuous hncar map cross product X : Bj{Ui) (g) l3k{U2) 
Bj.^.^:{Ul X U2)- This is closely related to the classical definition of cross product on simplicial chains ( |Hat01l . p. 278) 
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Lemma 9.1.2. If is an i-difference k-chain in Ui and is a j-dijjerence £-chain in U2, then D^xE^ is an 
(i + j)-dijference (k + £)-chain in Ui x U2 with 



\D'xEmB.+,,u,.u, < \D'\b^.u,\E^ 



Proof. This follows since Ao.i(p; a) xA^j (9;^) = A^.^^j ((p, g); aA^) and |A^._^j ((p, g); aA/3)|i+j,c/ix(72 < Ikll IkH ||a|| ||/3|| 
\Aci{p; a)\gi,ui\ATj {q; l3)\gj.u2 ■ Furthermore, if Aa-i{p;a) is in Ui and At-3((7;/3) is in U2, then the paths i(j>,a) (see 
{ 6.1 1 are contained in Ui and the paths £{q; r) are contained in 1/2- It follows from the definition of Cartesian product 
that the paths £{{p, q),a o r) are contained in Ui x 1/2- Therefore, D^xE^ is an (i + j)-difference (A; + £)-chain in 

Ui X U2. □ 

Proposition 9.1.3. Suppose P E Ak{Ui) and Q G At{U2) are Dirac chains where Ui C lR",f72 C R™ are open. 
Then PxQ e Ak+i{Ui x U2) with 

\\PxQ\\b.+s.u,.u, < \\P\\s..u,\\Q\\bs.u,. 

Furthermore, 

\\Px{^)\\sr,u,.u < \b-a\\\P\\B..u, 

where (a, &) is the 1-chain representing the interval (a, 6). 

Proof. Choose e > and let e' = e/(||P||^r,i7i + ||(5||b-"''^2 + 1) < 1. There exist decompositions P = X)i=o 
and Q = Y.'j^o^^ ^^'^^ ^^^^ \\P\\ b^' > ELo I^N-B-.!^! - ^ and \\Q\\b'-'^'i > J2j=o\^^\b^-"i - Since Px( 
J2i=o X]j=o D'^xE^ and by Lemma 



9.1.2 



\\PxQ\\b.+..u,.u, <^^\\D'kE^\\ 

r s 

<{\\P\\B^^u,+e'){\\Q\\B..U2+e'). 

Since this holds for all e > 0, the result follows. 

The second inequality is similar, except we use ||I?*x (a, 5)||^i,!7i xr < |6 — ajlD^l^i.c/ixR. □ 

Let J £ Bl{Ui) and K £ Bf{U2). Choose Dirac chains Pi ^ J converging in Bl{Ui), and Qi ^ K converging in 
B^{U2). Proposition 9.1.3 implies that {PiXQi} is Cauchy. 

Definition 9.1.4. Define 

JxK := lim PixQi. 

i— >-oo 

Theorem 9.1.5. Cartesian wedge product x : B'^{Ui) x S|(C/2) ^ '^fc+K^i ^ ^2) is associative, bilinear and 
continuous for all open sets Ui C R" , U2 ^ R™ and satisfies 

(a) \\JxK\\b^+^,U^kU2 < \\J\\Br.Ui\\K\\B^,U2 
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(b) \\Ji{a,b)\\sr.u^> 
(c) 



<\b — a\\\J\\gi-,ui where {a, b) C 



{{dJ)xK +{-!)'' Jx(dK), k>OJ>0 
{dJ)xK, fc>0,£ = 

Jx{dK), k^o,e>o 

(d) JxK = implies J — or K = 0; 

(e) (p;<j ® a)x{q]T ® P) ~ ((p, g); cr o r (g) ti*a A i2*/3) where a ® a and t ® [3 are elements of the Koszul complex 
• Kk (see Remark 3.4^.2); 



(f) {tti^lo A7r2*v){J^K) = ujiJ)fi{K) for oj e BliUi),7j £ B',{U2); 

(g) supp{JxK) = supp{J) X supp{K). 



Proof, (a) and (b): These are a consequence of Proposition 9.1. 3| 

d{{p,q)-aAp) = {d{{p,q)-a)) ■ {{p,q);(3) + <z); «) • 9); /?)) 



3.5.1 



(c) : This foUows from Theorem 
(9(p;a))x(g;/3) + {p; a) x {d{q; l3)), for aU (p; a) G A(C^i), and {p; f3) e Vi{U2). The bo undary relations for 
Dirac chains foUow by linearity. We know x is continuous by (a) and d is continuous by Theorem 3.5.1 and therefore 
the relations extend to J e iiT G or J e Bk{Ui) and K £Bt{U2). 

(d) : Suppose JxK = 0, J 7^ and K ^ {). Let {ci] be an orthonormal basis of IR"+™, respecting the Cartesian 
wedge product. Suppose e/ is a fc- vector in Afe(IR") and is an vector in K({¥."''). Then 



fdej j gdcL ~ f hdejdeL 
p ) JpkQ 

where h{x,y) = f{x)g{y), P G Ak{Ui),Q G A£{U2)- The proof follows easily by writing P = ^l^i{Pi', cti) and 
Q = X]j=i(9ij f^i) and expanding. By continuity of Cartesian wedge product x and the integral, we deduce 



K 



fdej j gdcL — f hdeidcL 



where h{x,y) = f{x)g{y), J G Bk{Ui),K G Bt{U2)- Since J and K ^Q, there exist / G B[Ui),ge Bq{U2) such 
that fdei ^ 0, gdeL 7^ 0. Therefore, (/^ fdej) gdeL = /j fdejjj^ gdcL 7^ 0, which implies Jj^j^ hdejdeL 7^ 0, 
contradicting the assumption that JxK = 0. 

(e): We first show that {p; a a)x{q; jS) — {{p; q) \ a ® a A /3). The proof is by induction on the order j of a. This 
holds if j = 0, by definition of x . Assume it holds for order j — 1. Suppose that a has order j. Let a = uo a' . By 
Proposition |9.1.3| 

(p; (J (g) a)x{q; /3) = + °ct/t) - {p; a' o a/t))x{q; jS) 

— liin(p + tu; cr' o Q!/i)x (g; /3) — {p; a' o a/t)x{q] (3) 

= lim((p + tu,q)](j' o a A jSIt) - ((p, q); cr' o a A 

= g); cr' o q; A /3) = ((p, g); cr' o m (g) a A /3) = ((p, g); cr o a A 
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In a similar way, one can show (p; a ® a)x{q;T ® j3) — ((p; g); cr o r (g) a A /?) using induction on the order j of a. 
(f): This follows from the definition of x for simple elements: 

A 7r2*r,)((p; a) x [q- /?)) = [tt^*u A tt^*v){{p, q); H.a A ^2./?) 
= uj{p; a)ri{q;/3). 

It extends by linearity to Dirac chains, and by continuity to chains. □ 

Cartesian wedge product extends to a continuous bilinear map x : Bk{Ui) x Be{U2) — > Bk+e(Ui x U2) and the 
relations (b)-(f) continue to hold. 

Corollary 9.1.6. //{ei, . . . ,e„} is a basis o/R" and {/i, . . . ,/m} is a basis o/R™, then de^{JAK) — {de^J)AK and 
df^iJAK) = {-if'^'^Jhdf^K for all J e Bl{Ui),K e BfiU-i), or J e BkiUi) and K e bI(U2). 



Proof. This follows from Theorem 9.1.5 since deiK = and dr J = 0. □ 



Example 9.1.7. Recall that if A is affine k-cell in Ui, then A is represented by an element A e Bk{Ui). If A and B 
are affine k- and (-cells in K" and R™, respectively, then the classical Cartesian product Ax B is an affine {k + £)-cell 
in R"+™. The chain Ax B representing Ax B satisfies Ax B = AxB. 

Remarks 9.1.8. 

• The boundary relations hold if we replace boundary d with the directional boundary — PyE^ for v £ 
where (fi,0),fi G R",Oe R™ or v ^ (0,W2),0e R",W2 G R™. 

• Cartesian wedge product is used to define a continuous convolution product on differential chains in a sequel 
\Ha,rl2al : 

• According to Fleming (\Fle66^ . %6), "It is not possible to give a satisfactory definition of the cartesian product 
AxB of two arbitrary flat chains." Fleming defines "Cartesian product" on polyhedral chains, but this coincides 
with our Cartesian wedge product according to Example \9.1.^ Cartesian wedge product is well-defined on 
Schwartz currents T>' (see \Fed69}j . ^1.4-8). 



10 Fundamental theorems of calculus for chains in a flow 
10.1 Evolving chains 

Let J e BKU) have compact support in U and V £ V'^{U) where U is open in R". Let Vt be the time t map of 
the flow of V and Jt :— V^J. For each p £ U, the image Vt{p) is well-defined in U for sufficiently small t. Since 
J has compact support, there exists to > such that pushforward Vt* is defined on J for all < t < tp. Let 



6.5.8 



9:Ux [ to) ~ > U be given by djp t) := Vt{p). Then 9 £ M^'+^iU x [0,tn),U). By Theorem [2J^ Corollary 
Theorem [8X3l and Theorem [OTs] we infer 

{JJ^=^?*£;^^(Jx(M)), (10.1) 
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for [a,b] C [0,to), is a well-defined element of Bl{U x (a, 6)) where (a, 6) is the chain representing (a, 6), and 
Bn+i G 1R"+^ is unit. We know of no way classical method to represent the entire collection of pushforward images 
of J as does {Jt}ai ^ "moving picture" of J in the flow of the vector field V which maintains algebraic/geometric 
properties of J such as orientation, density, and dimension. 




Figure 14: A chain in a flow 



Examples 10.1.1. (a) Let J ~ (p; 1) where p (£ U and X a Lipschitz vector field. Then {JtYo represents the 
parametrized path of p along the integral curve of X through p and is an element of B^{U) while {{p; X{p))tYo° 
represents the one- dimensional version of the curve and is an element of Bl{U). 

(b) Let A G Aq{U). For s — Q, then {AtYt^ is the sum of representatives of finitely many parametrized paths 
starting at the points in the support of A. Of course, t^ must be chosen so that each path is contained in U . 
For s — I, we obtain the path of the support of a dipole {p; u <^ 1) as it moves in U . 

(c) For A' G Af^{U), then pushforward modifies its n-dimensional mass {F^{p;a) — {F{p); Fp^a). However, 
_L -F* _L {p;a) = {F{p);a) for all n-vectors a. The latter is useful for modeling incompressible fluids. Of 
course, one can also consider A G A'J^{U) for any < k < n and s > and model particles, including dipoles 
of any order. Fluids which are partially compressible can be modeled by using a linear combination of the two 
approaches ci _L -F* _L +C2-F* . For < k < n, then _L _L modifies a simple k-element (p; a), i.e., changes its 
mass and k-direction, according to the infinitesimal change of mass and direction of the simple (n — k)-element 
normal to {p; a) while F^ alters mass and direction according to how F^, acts on {p; a) itself. 

We can take linear combinations to model a flowing material which is partly compressible: c6^,E\^^_^ ( Jx (a, b) + 
(1 — c) _L 9^, _Li E\^^^ {Jx (a, b) where _Lf is _L restricted to the slice of 1R"+-'^ at time t. 

(d) Let AI represent a submanifold M ofU. Then {MiYq is the differential chain representing the evolution of M , 
and takes into account infinitesimal distortions induced by the flow of X . 

The construction of an evolving chain and the results below extend to J € Bk(U) with compact support in U, 
and V G V{U) of class B°°. It is not difficult to define evolving chains in space-time and the author is developing 
extensions of Reynolds' transport and its applications from this viewpoint in |Harl2c) . 

Lemma 10.1.2. The following relations hold: 
(a) e4Jx{t;l)) = Vt,J; 
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(b) PvO,=9,P,^^,; 

(c) d{Jt}l = {dJt}l; 

Proof, (a): It suffices to prove this for J — {p;a), a simple fc-element with p E U. But 9^,({p;a)x{t;l)) 
9.^{{p,t)\Li.^a) = Vt*{p;a) since 9{p,t) = Vt{p). 



(b) : By Theorem [8X1] (c), 9^Pe^^^ 

(c) : 



PvO, 



d{Jt}i=d9,El^^{JkM) 

= e^El^^ {dJx (M) - ((6; 1) - (a; 1))) 
= {(5J)a^ 



10.2 Fundamental theorems 



by (10.11 



by Proposition 6.7.4 
by (c) 



by Theorem [gTsJb) 



by ( 10.1 1 applied to dJ and 

since El^^^{Jx{{b;l) - (a; 1))) ^ 0. 



□ 



Given (a, fe) C R, t G R, and a differential chain J, let Ja, Jt and Jt be as in { 10.1 



Theorem 10.2.1 (Fundamental theorems for chains in a flow). Suppose J € S^-iU) is a differential chain with 
compact support in U , V € V''(f7) is a vector field, and oj G K^^^(?7) is a differential form where U is open in R". 
Then 



/ LO — j UJ = I LyU! = I / LyOJ j dt. 
Jjb Jja HJt}i Ja \Jjt J 



Proof. Since Dirac chains are dense, and both and Cartesian wedge product are continuous for all v £ R", we use 
Corollary |9.1.6| to conclude 

9ei((a, 6)x J) — (6; l)x J - (a; l)x J. 



Finally we change coordinates to consider a local flow chart of V: By Proposition 8.5.1 we know dge^9 



9 d 
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Using Corollary |3 . 2 . 5| we deduce 



by Theorem 8.4.2 



by Definition ncn] 



Ul 

e.dc _^^(Jx(a.b)) 

f " 

e.(Jx(6;l))-e.(Jx(a;l)) 



by Proposition 8.5.1 



by the definition of directional boundary p |27| 

since d{{a, b)) = {b; 1) — (a; 1) 



Vb,J JVa,J 



We next establish the second equality: 

Let f{t) = UJ. It suffices to show that /'(<) = /p^, i^- The result will then follow from the fundamental theorem 
of calculus. Since Py is continuous, PyJt = lini;,-j.o for each t £ [a, b]. Hence 



nt) = hm ^J^±^pm . nm / 



JPvJt 



UJ 



as we hoped. Then [IpvJt '^j '^^ ~ ^.h ^ " -^J ^' '^^'^ result follows by Theorem 



..4.3 



□ 



If Ja is a 0-element, then this is the fundamental theorem of calculus for integral curves. 

Theorem 10.2.2 (Stokes' theorem for evolving chains). Let lu e B'j^^{U) be a differential form, J e BKU) a 
differential chain, and V G V^{U) a vector field. Then 



dLyUJ 



d,h -Id J, 



UJ. 



Proof. This follows directly from Stokes' Theorem 3.5.4 Theorem 10.2.1 and Lemma 10.1.2 (c). 



□ 



Corollary 10.2.3. Let uj e B^^\{U) be a differential form, J G BKU) a differential chain, and V G V'^{U) a vector 
field. If Lyui is closed, then Jgj^ uj ~ J^j uj. 



10.3 Differentiation of the integral 

Definition 10.3.1. We say that a one-parameter family of differential k-chains Jt G B'^{lJ),r > 0, or Jt G Bk{U), 
is difFerentiable at time t if ■§iJt — lini/i_>.o(^t+h — Jt)lh is well-defined in Bl.{U), respectively Bk{U). Similarly, 
a one-parameter family of differential k-forms ujt G Bl.(lJ),r > 0, or ujt G Bk(U) is differentiable at time t if 
■§j.uJt ~ lim;i^o('^t+h ^ Ot)/h is well-defined in B'^{U), respectively Bk{U). 
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Example 10.3.2. Suppose fi : [0, 1] — > IR is a Lebesgue integrable function and ft '■ [0, 1] — > IR is a monotone 
increasing sequence of step functions converging to f. Let Jt be the differential 1-chain representing the graph of 
/f, < t < 1. For convenience, set ft ~ f\ for 1 < i < 2. It follows that any subsequence Jt- with increasing tj < 1 
is Cauchy in Bl(R'^). Let Ji = limj_s.oo Jtj ■ While supp{ Ji ) is the graph of fi, supp{dJi ) is the set of discontinuity 
points in the graph of fi, together with the endpoints. Furthermore -§f.Js exists in yBj(IR^) and is a 1-chainlet of dipole 
order 1 for each < s < 2. 

Numerous other examples are provided using flows. If Jt is an evolving differential k-chain, that is, the pushforward 
of a /c-chain J via the time t map of a smooth vector field V ^ flow, it follows directly from the definitions that Jt is 
differentiable at time t for each t of definition, and 

I- Jt = PvJf (10.2) 
at 

Our next result extends the classical Leibniz Integral Rule to families of differential chains which are differentiable 
in time. 

Theorem 10.3.3 (Generalized Leibniz Integral Rule). If Jt E Bl{U) and ut G ^^.{U) are differentiable in time, then 

d f f d 



Proof. 



dtj J h^Qj 'h+h-'h I J h jo, I J dt 



□ 



If Jt is constant with respect to time, we get ^/j i^t — fj '§i^t, as expected. This result holds for all families 
of of differential chains and differential forms that are differentiable in time. For chains evolving under a flow, we 
obtain powerful generalizations of Differentiation of the Integral and the Reynolds' Transport theorem of continuum 
mechanics since Jq can be any differential chain and V any sufficiently smooth vector field. 



For evolving chains, we immediately deduce from Equation 10.2 Corollary 10.3.3 and the duality Lyuj = ujPy (see 



S3.3I 



dtjj^ ,/.,. V dt 



Theorem 10.3.4 (Differentiating the Integral). Suppose Jt € Bl,(U) is an evolving differential k-chain under the 
flow of a vector field V G V'*'^(?7), and uit £ S^^^(C/) is a smooth differential k-form differentiable in time. Then 

d r f f d 

The classical method of differentiating the integral has been extremely useful in engineering and physicp] From the 

^^Feynman wrote in his autobiography |Fey85| , "That book [Advanced Calculus, by Wood.] also showed how to differentiate parameters 
under the integral sign - it's a certain operation. It turns out that's not taught very much in the universities; they don't emphasize it. 
But I caught on how to use that method, and I used that one damn tool again and again. So because I was self-taught using that book, 
I had peculiar methods of doing integrals. The result was, when guys at MIT or Princeton had trouble doing a certain integral, it was 
because they couldn't do it with the standard methods they had learned in school. If it was contour integration, they would have found 
it; if it was a simple series expansion, they would have found it. Then I come along and try differentiating under the integral sign, and 
often it worked. So I got a great reputation for doing integrals, only because my box of tools was different from everybody else's, and 
they had tried all their tools on it before giving the problem to me." 
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duality du — Lod (see Theorem 3.5.41 and Cartan's Magic Formula Ly = diy + iyd we immediately deduce: 
Corollary 10.3.5. If oJt is closed, then 

d 



_9 
dt. 



Jt 



Jt 



dt 



dJt 



If Jt is a cycle, then 



dtf 



d 



iydlOf 



Corollary 10.3.6 (Generalization of the Reynolds' Transport Theorem to nonsmooth domains, evolving in a flow). 
Suppose Jt G B^f,{U) is an evolving differential chain under the flow of a vector field V £ V'^^^{U), andut G y8^^^(J7) 
is a smooth differential form which is differentiahle in time. Then 



dt 



dt 



ix^t + 



dJt 



dujt = 



ExJt 



Jt 



Ft 



PxJt 



The classical version, a cornerstone of mechanics and fluid dynamics, is a straightforward consequence. Our result 
applies to all domains of integration represented by differential chains. 



11 Differential chains in manifolds 

The Levi-Civita connection and metric can be used to extend this theory to open subsets of Riemannian manifolds 
(see |Pug09| , as well). We sketch some of the main ideas here. Let TZu^m be the category whose objects are pairs 
([/, M) of open subsets U of Riemannian manifolds M, and morphisms are smooth maps. Let TVS be the category 
whose objects are locally convex topological vector spaces, and morphisms are continuous linear maps between them. 
Then S is a functor from TIu.m to TVS. We define B{U) = B{U,M) much as we did for M = R", but with a 
few changes: Norms of tangent vectors and masses of fc-vectors are defined using the metric. The connection can 
be used to define norms of vector fields. Dirac fc-chains are defined as formal sums X^C-Pi!"^*) where pi G 
O-i G ^k{T{pi){M)). The vector space of Dirac fc-chains is Ak{U, M). Difference chains are defined using pushforward 
along the flow of locally defined, unit vector fields. The symmetric algebra is replaced by the universal enveloping 
algebra. From here, we can define the B"^ norms on Ak{U, M), and the B^ norms on forms, and thus the topological 
vector spaces Bk{U,M) and Bk{U,M). Support of a chain is a subset of M together with the attainable boundary 
points of M. Useful tools include naturality of the operators §8.5[ partitions of unity §4.2[ and cosheaves. 
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